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Preface

This book is devoted to the applications of the probability theory to the
theory of nonlinear partial differential equations. More precisely, we inves-
tigate the class U of all positive solutions of the equation Lu = ¢ (u) in E
where L is an elliptic differential operator of the second order, E is a bounded
smooth domain in R% and 1 is a continuously differentiable positive function.

The progress in solving this problem till the beginning of 2002 was de-
scribed in the monograph [D]. [We use an abbreviation [D] for [Dy02].]
Under mild conditions on %, a trace on the boundary 0F was associated
with every u € Y. This is a pair (I',v) where I is a subset of OF and v
is a o-finite measure on OE \ I'. [A point y belongs to I' if ¢'(u) tends
sufficiently fast to infinity as @ — y.] All possible values of the trace were
described and a 1-1 correspondence was established between these values
and a class of solutions called o-moderate. We say that u is o-moderate if
it is the limit of an increasing sequence of moderate solutions. [A moderate
solution is a solution w such that u < h where Lh = 0 in E.] In the Epilogue
to [D], a crucial outstanding question was formulated: Are all the solutions
o-moderate? In the case of the equation Au = u? in a domain of class C%, a
positive answer to this question was given in the thesis of Mselati [Ms02a] - a
student of J.-F. Le Gall. ! However his principal tool - the Brownian snake
- is not applicable to more general equations. In a series of publications by
Dynkin and Kuznetsov [Dy04b], [Dy04c|, [Dy04d], [Dy04e],[DKO03], [DK04],
[Ku04], Mselati’s result was extended, by using a superdiffusion instead of
the snake, to the equation Au = u® with 1 < o < 2. This required an
enhancement of the superdiffusion theory which can be of interest for any-
body who works on application of probabilistic methods to mathematical
analysis.

The goal of this book is to give a self-contained presentation of these
new developments. The book may be considered as a continuation of the
monograph [D]. In the first three chapters we give an overview of the theory
presented in [D] without duplicating the proofs which can be found in [D].
The book can be read independently of [D]. [It might be even useful to read
the first three chapters before reading [D].]

In a series of papers (including [MV98a], [MV98b] and [MV04]) M. Mar-
cus and L. Véron investigated positive solutions of the equation Au = u®

IThe dissertation of Mselati was published in 2004 (see [Ms04]).
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by purely analytic methods. Both, analytic and probabilistic approach have
their advantages and an interaction between analysts and probabilists was
important for the progress of the field. I take this opportunity to thank M.
Marcus and L. Véron for keeping me informed about their work.

The Choquet capacities are one of the principal tools in the study of the
equation Au = u®. This class contains the Poisson capacities used in the
work of Dynkin and Kuznetsov and in this book and the Bessel capacities
used by Marcus and Véron and by other analysts. I am very grateful to
1. E. Verbitsky who agreed to write Appendix B, where the relations between
the Poisson and Bessel capacities are established, thus allowing to connect
the work of both groups.

I am indebted to S. E. Kuznetsov who provided me several preliminary
drafts of his paper [Ku04] used in Chapters 8 and 9. I am grateful to him
and to J.-F. Le Gall and B. Mselati for many helpful discussions. It is my
pleasant duty to thank J.-F. Le Gall for a permission to include into the
book as the Appendix his note which clarifies a statement used but not
proved in Mselati’s thesis (we use it in Chapter 8).

I am especially indebted to Yuan-chung Sheu for reading carefully the
entire manuscript and suggesting many corrections and improvements.

The research of the author reported in this book was supported in part
by the National Science Foundation Grant DMS-0204237.



CHAPTER 1

Introduction

1. Trace theory

1.1. We consider a differential equation
(1.1) Lu=1¢(u) inFE

where F is a domain in R?, L is a uniformly elliptic differential operator in
E and v is a function from [0, c0) to [0, 00). Under various conditions on
E,L and 1 ! we investigate the set U of all positive solutions of (1.1). Our
base is the trace theory presented in [D]. Here we give a brief description of
this theory (which is applicable to an arbitrary domain E and a wide class
of functions 1 described in Section 4.3). 2

1.2. Moderate and o-moderate solutions. Our starting point is
the representation of positive solutions of the linear equation

(1.2) Lh=0 inE

by Poisson integrals. If E is smooth ® and if k(z, y) is the Poisson kernel *
of L in E, then the formula

(1.3) o) = /d k(o)

establishes a 1-1 correspondence between the set M(JF) of all finite mea-
sures v on OF and the set H of all positive solutions of (1.2). (We call
solutions of (1.2) harmonic functions.)

A solution u is called moderate if it is dominated by a harmonic func-
tion. There exists a 1-1 correspondence between the set U; of all moderate
solutions and a subset H; of H: h € H; is the minimal harmonic function
dominating u € U;, and u is the maximal solution dominated by h. We put
v € N if h, € Hy. We denote by u, the element of U; corresponding to h,,.

An element u of U is called o-moderate solutions if there exist u,, € U
such that wu,(x) T u(x) for all . The labeling of moderate solutions by

LWe discuss these condtions in Section 4.

21t is applicable also to functions ¢ (x,u) depending on z € E.

3We use the name smooth for open sets of class C** unless another class is indicated
explicitely.

4For an arbitrary domain, k(z,y) should be replaced by the Martin kernel and OF
should be replaced by a certain Borel subset E’ of the Martin boundary (see Chapter 7
in [D]).
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measures v € N7 can be extended to o-moderate solutions by the convention:
if v, € M1, v, T v and if u,, 1 u, then put v € Ny and u = u,,.

1.3. Lattice structure in U. ® We write u < v if u(z) < v(z) for all
z € E. This determines a partial order in ¢. For every U C U, there exists
a unique element u of U with the properties: (a) u > v for every v € U, (b)
if & € U satisfies (a), then u < @ We denote this element Sup 2/ .

For every u,v € U, we put u ® v = Sup W where W is the set of all
w € U such that w < u + v. Note that u ® v is moderate if v and v are
moderate and it is o-moderate if so are u and v.

In general, Sup U does not coincide with the pointwise supremum (the
latter does not belong to U). However, both are equal if U is closed under
@®. Moreover, in this case there exist u,, € U such that wu,(z) T u(z) for
all € E. Therefore, if U is closed under @& and it consists of moderate
solutions, then Sup U is o-moderate. In particular, to every Borel subset T’
of OF there corresponds a o-moderate solution

(1.4) up = Sup{u, : v € N1, v is concentrated on I'}.

We also associate with I" another solution wr. First, we define wg for
closed K by the formula

(1.5) wg =Sup{ueUd:u=0 ondE\K}.
For every Borel subset I' of OF, we put
(1.6) wr = Sup{wg : closed K C I'}.

Proving that ur = wr was a key part of the program outlined in [D].

1.4. Singular points of a solution u. We consider classical solutions
of (1.1) which are twice continuously differentiable in . However they can
tend to infinity as * — y € 0F. We say that y is a singular point of wu if
it is a point of rapid growth of ¥’(u). [A special role of ¢'(u) is due to the
fact that the tangent space to U at point u is described by the equation
Lv =/ (u)v.]

The rapid growth of a positive continuous function a(z) can be defined
analytically or probabilistically. The analytic definition involves the Poisson
kernel (or Martin kernel) k,(z, y) of the operator Lu —au: y € OF is a point
of rapid growth for a if k(z,y) = 0 for all x € E. A more transparent
probabilistic definition is given in Chapter 3.

We say that a Borel subset I' of OF is f-closed if I' contains all singular
points of the solution ur defined by (1.4).

5See Chapter 8, Section 5 in [D].
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1.5. Definition and properties of trace. The trace of u € U (which
we denote Tr(u)) is defined as a pair (I', v) where I' is the set of all singular
points of w and v is a measure on JF \ I' given by the formula

(1.7) v(B) = sup{u(B) : p € N, u(T) =0, u, < u}.

We have
u, = Sup{ moderate u, < u with p(I") = 0}

and therefore u, is o-moderate.
The trace of every solution u has the following properties:

1.5.A. T is a Borel f-closed set; v is a o-finite measure of class Ay such
that v(I') = 0 and all singular points of u, belong to I

1.5.B. If Tr(u) = (T, v), then
(1.8) U > ur O Uy.
Moreover, ur & u, is the maximal o-moderate solution dominated by w.

1.5.C. If (T, v) satisfies the condition 1.5.A, then Tr(ur ® u,) = (I',v),
the symmetric difference between I" and I" is not charged by any measure
i € Ni. Moreover, ur @ u, is the minimal solution with this property and
the only one which is o-moderate.

2. Organizing the book

Let u € U and let Tr(u) = (I',v). The proof that u is o-moderate
consists of three parts:

A u>ur ®uy,.

B. upr = wr.

C.u<wr®u,.

It follows from A-C that v = ur ® u, and therefore u is o-moderate
because ur and u, are o-moderate.

We already have obtained A as a part of the trace theory (see (1.8))
which covers a general equation (1.1). Parts B and C will be covered for
the equation A = u® with 1 < a < 2. To this end we use, beside the trace
theory, a number of analytic and probabilistic tools. In Chapters 2 and 3 we
survey a part of these tools (mostly related to the theory of superdiffusion)
already prepared in [D]. A recent enhancement of the superdifusion theory
—the N-measures — is presented in Chapter 4. Another new tool — bounds for
the Poisson capacities — is the subject of Chapter 6. By using all these tools,
we prove in Chapter 7 a basic inequality for superdiffusions which makes it
possible to prove (in Chapter 8) that ur = wr (Part B) and therefore wr is
o-moderate. The concluding part C is proved in Chapter 9 by using absolute
continuity results on superdiffusions presented in Chapter 5. In Chapter 8
we use an upper estimate of wg in terms of the Poisson capacity established
by S. E. Kuznetsov [Ku04]. In the Appendix contributed by J.-F. Le Gall a
property of the Brownian motion is proved which is also used in Chapter 8.
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Notes at the end of each chapter describe the relation of its contents to the
literature on the subject.

3. Notation

3.1. We use notation C*(D) for the set of k times continously differ-
entiable function on D and we write C(D) for C°(D). We put f € C*(D) if
there exists a constant A such that |f(z) — f(y)| < Alz —y|* for all 2,y € D
(Holder continuity). Notation C**(D) is used for the class of k times dif-
ferentiable functions with all partials of order k belonging to C*(D).

We write f € B if f is a positive B-measurable function. Writing f € b3
means that, in addition, f is bounded.

For every subset D of R? we denote by B(D) the Borel o-algebra in D.

We write D € E if D is a compact subset of E. We say that a sequence
D, ezhausts Eif D1 € Dy €--- €D, €... and F is the union of D,,.

D; stands for the partial derivative 8%1- with respect to the coordinate
x; of x and D;; means D;D;.

We denote by M(E) the set of all finite measures on E and by P(FE)
the set of all probability measures on E. We write (f, u) for the integral of
f with respect to p.

dy(B) = 1p(y) is the unit mass concentrated at y.

A kernel from a measurable space (E1, B1) to a measurable space (E2, Ba)
is a function K(z, B) such that K(z,-) is a finite measure on By for every
x € By and K(-, B) is an Bj-measurable function for every B € Bs.

If w is a function on an open set E and if y € dF, then writing u(y) = a
means u(z) —aasz —y,z € E.

We put

diam(B) = sup{|z — y| : x,y € B} (the diameter of B),
d(z,B) = inlf% |x —y| (the distance from x to B),
ye

p(z) =d(z,0FE) forx € E.

We denote by C' constants depending only on E, L and v (their values
can vary even within one line). We indicate explicitely the dependence
on any additional parameter. For instance, we write C) for a constant
depending on a parameter £ (besides a possible dependence on E, L, v)).

4. Assumptions

4.1. Operator L. There are several levels of assumptions used in this
book.

In the most general setting, we consider a second order differential op-
erator
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d d
(4.1) Z x)Diju(z) + Z bi(x)Dyu(z)

=1

in a domain F in R?. Without loss of generality we can put a;; = aj;. We
assume that

4.1.A. [Uniform ellipticity] There exists a constant x > 0 such that
Zaw tit; > /@Zt2 forall x € E t1,...,tq € R.

4.1.B. All coefficients a;;(z) and b;(x) are bounded and Hélder continuous.
In a part of the book we assume that L is of divergence form

(4.2) Z 8 8 u(:):)

i,7=1
In Chapters 8 and 9 we restrict ourselves to the Laplacian A = chl D2

4.2. Domain FE. Mostly we assume that E is a bounded smooth do-
main. This name is used for domains of class C?* which means that
OF can be straightened near every point x € JF by a diffeomorphism
¢ of class C?*. To define straightening, we consider a half-space E, =
{z = (21,...,m9) : 24 > 0} = R¥1 x (0,00). Denote Ey its boundary
{z = (21,...,24) : zg = 0}. We assume that, for every x € OF, there exists
aball B(z,e) = {y: |x—y| < €} and a diffeomorphism ¢, from B(z, ) onto a
domain E C R such that ¢,(B(z,e)NE) C E; and ¢, (B(x,e)NIE) C Ey.
(We say that ¢, straightens the boundary in B(z,¢).) The Jacobian of ¢,
does not vanish and we can assume that it is strictly positive.

Main results of Chapters 8 and 9 depend on an upper bound for wg
established in [Ku04] for domains of class C*. All results of Chapters 8 and
9 can be automatically extended to domains of class C>* if the bound for
wg will be proved for such domains.

4.3. Function . In general we assume that ¢ is a function on [0, c0)
with the properties:

4.3.A. ¢ € C?(Ry).

4.3.B. ¥(0) =¢'(0) =0, ¥"(u) > 0 for u > 0.
[It follows from 4.3.B that 1) is monotone and convex and ¢’ is bounded
on each interval [0, ¢].]

4.3.C. There is a constant a such that
¥(2u) < v ()
for all w.
43.D. [y ds [[y(u) du]_1/2 < oo for some N > 0.



6 1. INTRODUCTION

Keller [Ke57] and Osserman [Os57] proved independently that this condition
implies that functions u € U(FE) are uniformly bounded on every set D € E.
6

In Chapters 7-9 we assume that
(4.3) Yu)=u" 1 <a<2

(In Chapter 6 we do not need the restriction o < 2.)

5. Notes

The trace Tr(u) was introduced in [Ku98] and [DK98b] under the name
the fine trace. We suggested to use the name ”rough trace“ for a version
of the trace considered before in the literature. (In the monograph [D] the
rough trace is treated in Chapter 10 and the fine trace is introduced and
studied in Chapter 11.)

The most publications were devoted to the equation

(5.1) Au=u" a>1

In the subcritical case 1 < d < g—ﬂ, the rough trace coincides with the fine
trace and it determines a solution of (5.1) uniquely. As it was shown by Le
Gall, this is not true in the supercritical case: d > g—fl

In a pioneering paper [GV91] Gmira and Véron proved that, in the
subcritical case, the generalized Dirichlet problem

Au=u* in F,

(5-2) u=p ondE

has a unique solution for every finite measure p. (In our notation, this is
uy.)

l A program of investigating U/ by using a superdiffusion was initiated in
[Dy91al. In [Dy94] Dynkin conjectured that, for every 1 < a < 2 and every
d, the problem (5.2) has a solution if and only if x4 does not charge sets
which are, a.s., not hit by the range of the superdiffusion. 7 [The conjecture
was proved, first, in the case o = 2, by Le Gall and then, for all 1 < a < 2,
by Dynkin and Kuznetsov .]

A classification of all positive solutions of Au = »? in the unit disk
E = {r € R?: |z| < 1} was announced by Le Gall in [Le93]. [This is also
a subcritical case.] The result was proved and extended to a wide class of
smooth planar domains in [Le97]. Instead of a superdiffusion Le Gall used
his own invention — a path-valued process called the Brownian snake. He
established a 1-1 correspondence between U and pairs (I',v) where I is a
closed subset of OF and v is a Radon measure on OF \ I.

Dynkin and Kuznetsov [DK98a] extended Le Gall’s results to the equa-
tion Lu = u*, 1 < a < 2. They introduced a rough boundary trace for

6In a more general setting this is proved in [D], Section 5.3.
"The restriction a < 2 is needed because a related superdiffusion exists only in this
range.
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solutions of this equation. They described all possible values of the trace
and they represented the maximal solution with a given trace in terms of a
superdiffusion.

Marcus and Véron [MV98a]-[MV98b| investigated the rough traces of
solutions by purely analytic means. They extended the theory to the case
a > 2 and they proved that the rough trace determines a solution uniquely
in the subcritical case.

The theory of fine trace developed in [DK98b] provided a classification
of all o-moderate soltions. Mselati’s dissertation [Ms02a] finalized the clas-
sification for the equation Au = wu? by demonstrating that, in this case,
all solutions are o-moderate. A substantial enhancement of the superdiffu-
sion theory was necessary to get similar results for a more general equation
Au=u* with 1 < a < 2.






CHAPTER 2

Analytic approach

In this chapter we consider equation 1.(1.1) under minimal assumptions
on L,y and F: conditions 1.4.1.A—1.4.1.B for L, conditions 1.4.3.A-1.4.3.D
for 1) and and assumption that £ is bounded and belongs to class C?*.

For every open subset D of E we define an operator Vp that maps
positive Borel functions on 9D to positive solutions of the equation Lu =
Y(u) in D. If D is smooth and f is continuous, then Vp(f) is a solution of
the boundary value problem

Lu=1(u) in D,
u=f onadD.

In general, u = Vp(f) is a solution of the integral equation
u+Gpy(u) = Kpf

where Gp and Kp are the Green and Poisson operators for L in D. Oper-
ators Vp have the properties:

Vp(f) <Vp(f) if <,
Vp(fa) TVD(f) i fulf,
Vp(fi + f2) < Vb(fi) + Vb(fa2).

The Comparison principle plays for the equation 1.(1.1) a role similar
to the role of the Maximum principle for linear elliptic equations. There is
also an analog of the Mean value property: if u € U(E), then Vp(u) = u
for every D € E. The set U(E) of all positive solutions is closed under Sup
and under pointwise convergence.

We label moderate solutions by measures v on 0F belonging to a class
N and we label o-moderate solutions by a wider class NOE . A special role
is played by v € N taking only values 0 and oo.

An algebraic approach to the equation 1.(1.1) is discussed in Section 3.
In Section 4 we introduce the Choquet capacities which play a crucial role
in subsequent chapters.

Most propositions stated in Chapters 2 and 3 are proved in [D]. In each
case we give an exact reference to the corresponding place in [D]. We provide
a complete proof for every statement not proved in [D].

9
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1. Operators Gp and Kp

1.1. Green function and Green operator. Suppose that D is a
bounded smooth domain and that L satisfies conditions 1.4.1.A-1.4.1.B.
Then there exists a unique continuous function gp from D x D to [0, o0
such that, for every f € C*(D),

(1) u(e) = [ gnla) ()

is the unique solution of the problem

Lu=—f in D,
u=0 ondD.

The function gp is called the Green function. It has the following properties:

(1.2)

1.1.A. For every y € D, u(z) = gp(z,y) is a solution of the problem
Lu=0 in D\ {y},

(1:3) u=0 on dD.
1.1.B. For all z,y € D,

(1.4) 0 <gp(z,y) < Cl(z —y)

where C is a constant depending only on D and L and *
||~ for d > 3,

(1.5) I'(z) = ¢ (—log|z|) V1 for d =2,
1 for d = 1.

If L is of divergence form and d > 3, then
(1.6) gp(z,y) < Cp(z)|x —y|'~,
(1.7) gp(z,y) < Cp(z)p(y)lz —y|~*.

[See [GrW82].]
The Green operator is defined by the formula (1.1).

1.2. Poisson kernel and Poisson operator. Suppose that D is a
bounded smooth domain and let v be the normalized surface area on 0D.
The Poisson kernel kp is a continuous function from D x 9D to (0, co) with
the property: for every ¢ € C(D),

(18) ma) = [ kp(aa)ew)n(d)
is a unique solution of the problem

L9 Lu=0 1in D,

(1.9) u=¢ ondD.

IThere is a misprint in the expression for I'(z) in [D], page 88.
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We have the following bounds for the Poisson kernel: 2

(1.10) Clp(a)|z —y|~! < kp(z,y) < Cp(x)|e —y| ™
where
(1.11) p(x) = dist(z, 0D).

The Poisson operator Kp is defined by the formula (1.8).

2. Operator Vp and equation Lu = ¢ (u)

2.1. Operator Vp. By Theorem 4.3.1 in [D], if ¢ satisfies conditions
1.4.3.B and 1.4.3.C, then, for every f € bB(FE) and for every open subset D
of F, there exists a unique solution of the equation

(2.1) u+ Gpy(u) = Kpf.
We denote it Vp(f). It follows from (2.1) that:

2.1.A. Vp(f) < Kp(f), in particular, Vp(c) < ¢ for every constant c.
We have:

2.1.B. [[D], 4.3.2.A] If f < £, then Vp(f) < Vp(f).

2.1.C. [[D], 4.3.2.C] If f,, 1 f, then Vp(fn) 1 Vb (f).

Properties 2.1.B and 2.1.C allow to define Vp(f) for all f € B(D) by the
formula

(2.2) Vp(f) = Sup Vp(f An).

The extended operators satisfy equation (2.1) and conditions 2.1.A-
2.1.C. They have the properties:

2.1.D. [[D], Theorem 8.2.1] For every fi, fa € B(D),
(2.3) Vb(fi + f2) < Vb(f1) + Vb (f2)-

2.1.E. [[D], 8.2.1.J] For every D and every f € B(9D), the function u =
Vp(f) is a solution of the equation

(2.4) Lu=1(u) in D.

We denote by U(D) the set of all positive solutions of the equation (2.4).

%Sce, e.g. [Ma75], Lemma 6 and the Appendix B in [D].
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2.2. Properties of U(D). We have:

2.2.A. [[D], 8.2.1.J and 8.2.1.H] If D is smooth and if f is continuous in
a neighborhood O of Z € 9D, then Vpf(z) — f(Z) at x — Z,z € D. If D is
smooth and bounded and if a function f : 9D — [0, 00) is continuous, then

u = Vp(f) is a unique solution of the problem
Lu=v(u) in D,

o) ()
u=f ondD.

2.2.B. (Comparison principle)[[D], 8.2.1.H.] Suppose D is bounded. Then
u < v assuming that u,v € C?(D),

(2.6) Lu—¢(u) > Lv—1¢(v) in D
and, for every T € 0D,

(2.7) limsup[u(z) —v(z)] <0 asx — 7.

2.2.C. (Mean value property)[[D], 8.2.1.D] If w € U(D), then, for every
U € D, Vy(u) =wuin D (which is equivalent to the condition u+ Gy (u) =
KU’U,).

2.2.D. [[D], Theorem 5.3.2] If w,, € U(E) converge pointwise to u, then u
belongs to U(E).

2.2.E. [[D], Theorem 5.3.1] For every pair D € E there exists a constant
b such that u(z) < b for all u € U(E) and all 2 € D. 3

The next two propositions are immediate implications of the Comparison
principle.

We say that u € C?(E) is a supersolution if Lu < (u) in E and that
it is a subsolution if Lu > v (u) in E. Every h € H(F) is a supersolution
because Lh = 0 < ¢ (h). It follows from 2.2.B that:

2.2.F. If a subsolution u and a supersolution v satisfy (2.7), then v < v
in E.

2.2.G. If Y(u) = u® with o > 1, then, for every u € U(D) and for all
r €D,
u(z) < Cd(x,0D) ™2/ (@),

Indeed, if d(x, D) = p, then the ball B = {y : |y — x| < p} is contained
in D. Function v(y) = C(p? — |y — z|?)~2/(®=1 is equal to co on dB and,
for sufficiently large C, Lv(y) —v(y)* <0in B. * By 2.2.B,u < v in B. In
particular, u(z) < v(z) = Cp~2/(e=1),

3As we already have mentioned, this is an implication of 1.4.3.D.
1See, e.g., [Dy91a], page 102, or [D], page 71.
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2.3. On moderate solutions. Recall that an element u of U(FE) is
called moderate if uw < h for some h € H(E). The formula

(2.8) u+Gpp(u)=h

establishes a 1-1 correspondence between the set U (E) of moderate elements
of U(E) and a subset H;(E) of H(FE): h is the minimal harmonic function
dominating u, and u is the maximal solution dominated by h. Formula
1.(1.3) defines a 1-1 correspondence v < h, between M(JFE) and H(E).
We put v € N¥ if h, € Hy(E) and we denote u, the moderate solution
corresponding to v € Nf. In this notation,

(2.9) uy + GpY(uy) = hy.

(The correspondence v < u,, is 1-1 and monotonic.)
We need the following properties of Ni¥, H1(E) and U (E).

2.3.A. [Corollary 3.1 in [D], Section 8.3.2] If h € H;y(E) and if b’ < h
belongs to H(E), then h' € Hy(E). Therefore N contains with v all
measures ' < v.

2.3.B. [[D],Theorem 8.3.3] H1(E) is a convex cone (that is it is closed
under addition and under multiplication by positive numbers).

2.3.C. If T is a closed subset of OF and if v € M(F) is concentrated on
I, then h, =0 on OE\T.
Indeed, it follows from 1.(1.3) and (1.10) that

ho(2) < Cpla) / & — = (dy).

2.3.D. If v € N and T is a closed subset of OE, then u,, = 0 on O = JE\T
if and only if v(O) = 0.

Proor. If v(O) = 0, then h, = 0 on O by 2.3.C, and u, = 0 on O
because u, < h, by (2.8).

On the other hand, if u, = 0 on O, then v(K) = 0 for every closed
subset K of O. Indeed, if 7 is the restriction of v to K, then u,, = 0 on I'
because I' C OF \ K and n(0F \ K) = 0. We also have u,; < u, =0 on O.
Hence u,) = 0 on OE. The Comparison principle 2.2.B implies that u, = 0.
Therefore n = 0. (]

2.3.E. [[D], Proposition 12.2.1.A] 5 If h € H(E) and if Gg(h)(z) < oo
for some x € E, then h € H1(E).

SProposition 12.2.1.A is stated for (u) = u® but the proof is applicable to a general
.
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2.3.F. (Extended mean value property) If U C D and if v € NP is
concentrated on I' such that T NU = 0, then Vi (u,) = u,.
If w € Uy (D) vanishes on 9D \ T, then Viy(u) = u for every U C D such
that TNU = 0.
The first part is Theorem 8.4.1 in [D]. The second part follows from the
first one because u € U; (D) is equal to u, for some v € NP and, by 2.3.D,
v(OD\T) = 0.

2.3.G. Suppose that v € N is supported by a closed set K C OF and
let B, ={z € E:d(z,K)>¢c}. Then
u*=Vg.(hy) lu, ase]O0.

PROOF. Put V& = Vg_. By (2.9), h, = u® + Gge1p(u®) > u for every e.
Let ¢/ < e. By applying the second part of 2.3.FtoU = E., D = E.,u = ue
and T = 9E. N E we get Ve(u®') = u. By 2.1.B,

uf =Vi(hy) > VE(u) = u .

Hence u® tends to a limit w as € | 0. By 2.2.D, u € U(FE). For every e,
u® < h,, and therefore u < h,. On the other hand, if v € U(F) and v < hy,
then, by 2.3.F, v = V&(v) < V¢(h,) = u® and therefore v < u. Hence, u is a
maximal element of U (FE) dominated by h, which means that u =u,. O

2.4. On o-moderate solutions. Denote by Uy(F) the set of all o-
moderate solutions. (Recall that u is o-moderate if there exist moderate
uy, such that u, T w.) If 1y <--- <y, < ... is an increasing sequence of
measures, then v = limv, is also a measure. We put v € NOE if v, € NlE .

If v € NF, then 0 - v = liTm tv belongs to N¥. Measures u = oo - v take
tToo

only values 0 and co and therefore cu = p for every 0 < ¢ < co. [We put
0-00=0.]

LEMMA 2.1. [[D], Lemma 8.5.1] There exists a monotone mapping v —
u, from NF onto Uy(E) such that

(2.10) Uy, Tuy ifvy Tv
and, for v € N, u, is the maximal solution dominated by h,,

The following properties of N are proved on pages 120-121 of [D]:

2.4.A. A measure v € NF belongs to N if and only if v(E) < oco. If
vy € N1(E) and v, 1 v € M(OE), then v € NF. 6

2.4.B. Ifv € NF and if p < v, then p € NF.

2.4.C. Suppose E is a bounded smooth domain and O is a relatively open
subset of OE. If v € N and v(O) = 0, then u, =0 on O.

An important class of o-moderate solutions are ur defined by 1.(1.4).

6See [D]. 8.5.4.A.
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2.4.D. [[D], 8.5.5.A] For every Borel I' C dF, there exists v € N con-
centrated on I' such that ur = v,

2.5. On solution wr. We list some properties of these solutions (de-
fined in the Introduction by (1.5) and (1.6)).

2.5.A. [[D], Theorem 5.5.3] If K is a closed subset of OF, then wg defined
by 1.(1.5) vanishes on OE \ K. [It is the maximal element of U(E) with this

property.]

25.B. If v e /\/OE is concentrated on a Borel set I', then u, < wr.

Proor. If v € NlE is supported by a compact set K, then u, = 0 on
OFE \ K by 2.4.C and u, < wg by 1.(1.5). If v € NF, then there exist
Vp € NlE such that v, T v. The measures v, are also concentrated on I' and
therefore there exists a sequence of compact sets K,,, C I' such that vy, T
v, where vy, is the restriction of v, to K,,,. We have u,,, < wg, < wr.
Hence, u, < wr. O

3. Algebraic approach to the equation Lu = ¢ (u)

In the Introduction we defined, for every subset U of U (E), an element
Sup U of U(E) and we introduced in U (E) a semi-group operation u@®v. In
a similar way, we define now Inf { as the maximal element u of U(E) such
that u < v for all v € U. We put, for u, v € U such that u > v,

vov=Inf{weld:w>u—v}

Both operations & and © can be expressed through an operator 7.
Denote by Cy(E) the class of all positive functions f € C(F). Put
u € D(r) and w(u) = v if u € Cy(E) and Vp, (u) — v pointwise for every
sequence D,, exhausting E. By 2.1.E and 2.2.D, n(u) € U(E). It follows
from 2.1.B that w(u1) < 7(ug) if u; < uo.
Put
U (E)={ueCL(E): Vp(u)<u forall D € E}
and
UT(E)={ue Cy(E):Vp(u) >u forall D& E}.
By 2.2.C,U(E) CU™ (E)NUT(E). It follows from the Comparison principle
2.2.B that U~ contains all supersolutions and U™ contains all subsolutions.
In particular, H(E) C U™ (E).
For every sequence D,, exhausting E, we have: [see [D], 8.5.1.A-8.5.1.D]

3A. IfuelU™ (F), then Vp, (u) | m(u) and

m(u) =sup{u e U(E):u < u} < u.
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3.B. If u €e UM (F), then Vp, (u) T m(u) and

m(u) =inf{a e U(E): a4 > u} > u.

Clearly,

3.C. If u,v € UT(E), then max{u,v} € UT(E). If u,v € U~ (F), then
min{u,v} € U™ (E).

It follows from 2.1.D (subadditivity of Vp) that:

3.D. lf u,v e U (E), then u+v e U (E). If u,v € U(E) and u > v,
then u — v € UT(E).
It is easy to see that:

3.E. If u,v € U(E), then u B v = 7(u+v)

3F. Ifu>vel(FE), then ucv=rm(u—v).
Denote U*(E) the minimal convex cone that contains U~ (E) and U™ (E).

4. Choquet capacities

Suppose that F is a separable locally compact metrizable space. Denote
by K the class of all compact sets and by O the class of all open sets in F.
A [0, +o00]-valued function Cap on the collection of all subsets of E is called
a capacity if:

4.A. Cap(A) < Cap(B) if A C B.

4.B. Cap(A,) 1 Cap(A) if 4, T A.

4.C. Cap(K,) | Cap(K) if K,, | K and K, € K.

A set B is called capacitable if These conditions imply
(4.1)
Cap(B) = sup{Cap(K): K C B,K € K} = inf{Cap(O) : O D B,0 € O}.
The following results are due to Choquet [Ch54].

I. Every Borel set B is capacitable. *

II. Suppose that a function Cap : K — [0, +-o00] satisfies 4.A-4.C and the
following condition:

4.D. For every Kq, Ky € K,
Cap(K1 U K») + Cap(K; N K2) < Cap(K;) + Cap(K3).

Then Cap can be extended to a capacity on F.

"The relation (4.1) is true for a larger class of analytic sets but we do not use this
fact.



5. NOTES 17

5. Notes

The class of moderate solutions was introduced and studied in [DK96a].
o-moderate solutions, the lattice structure in the space of solutions and the
operation u @ v appeared, first, in [DK98b] in connection with the fine trace
theory. The operation v & v was defined and used by Mselati in [Ms02a).

We defined a moderate solution u, as the solution of the integral equa-
tion (2.9). If F is a bounded smooth domain, L = A and 1) is a continuous
increasing function with ¢(0) = 0, then this is equivalent to the conditions:
[elu(z) + d(z, 0E)¢(u(x))]dx < oo and, for every f € C**(E) vanishing at
0,

% dv.
pE O

—/[u—l—Af—l—?ﬂ(u)f]d:r—
E
0

[Here 5—71 means the derivative in the direction of the outward normal to 0F.)
Analysts call such functions weak solutions of the equation —Au+1(u) = v.






CHAPTER 3

Probabilistic approach

Our base is the theory of diffusions and superdiffusions.

A diffusion describes a random motion of a particle. An example is the
Brownian motion in R%. This is a Markov process with continuous paths
and with the transition density

pela,y) = (2mt) =2 lr—ul*/2t

which is the fundamental solution of the heat equation

ou 1

5% — 3 Au.
A Brownian motion in a domain E can be obtained by killing the path at the
first exit time from F. By replacing %A by an operator L of the form 1.(4.1),
we define a Markov process called L-diffusion. We also use an L-diffusion

with killing rate ¢ corresponding to the equation

% = Lu—{lu
and an L-diffusion conditioned to exit from F at a point y € OF. The latter
can be constructed by the so-called h-transform with h(z) = kg(x,y).

An (L,)-superdiffusion is a model of random evolution of a cloud of
particles. Each particle performs an L-diffusion. It dies at random time
leaving a random offspring of the size regulated by the function . All
children move independently of each other (and of the family history) with
the same transition and procreation mechanism as the parent. Our subject
is the family of the exit measures (Xp, P,) from open sets D C E. An idea
of this construction is explained on Figure 1 (borrowed from [D]).

Here we have a scheme of a process started by two particles located at
points x1, zo in D. The first particle produces at its death time two children
that survive until they reach 9D at points y1,y2. The second particle has
three children. One reaches the boundary at point ys, the second one dies
childless and the third one has two children. Only one of them hits 9D at
point y4. The initial and exit measure are described by the formulae

M:Z(Sacza XD:Z(Syi-

To get an (L, )-superdiffusion, we pass to the limit as the mass of each
particle and its expected life time tend to 0 and an initial number of particles
tends to infinity. We refer for detail to [D].

19
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y
y, -

~ "

Ya
FIGURE 1

We consider superdiffusions as a special case of branching exit Markov
systems. Such a system is defined as a family of of exit measures (Xp, P,)
subject to four conditions, the central two are a Markov property and a con-
tinuous branching property. To every right continuous strong Markov pro-
cess £ in a metric space E there correspond branching exit Markov systems
called superprocesses. Superdiffusions are superprocesses corresponding to
diffusions. Superprocesses corresponding to Brownian motions are called
super-Brownian motions.

A substantial part of Chapter 3 is devoted to two concepts playing a key
role in applications of superdiffusions to partial differential equations: the
range of a superprocess and the stochastic boundary values for superdiffu-
sions.

1. Diffusion

1.1. Definition and properties. To every operator L subject to the
conditions 1.4.1.A-1.4.1.B there corresponds a strong Markov process & =
(&,11;) in E called an L-diffusion. The path & is defined on a random
interval [0, 7). It is continuous and its limit &, as ¢ — 7 belongs to OF.
For every open set D C E we denote by 7p the first exit time of £ from D.

ProOPOSITION 1.1 ([D], Lemma 6.2.1). The function I,7p is bounded
for every bounded domain D.

There exists a function p;(z,y) > 0,t > 0,x,y € E (called the transition
density) such that:

/ ps(,2)dz pi(2,y) = psyi(w,y) forall s,t >0,2,yc E
E

and, for every f € B(E),

I, f(&) = /E Pl y) () dy.

An L-diffusion has the following properties:
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1.1.A. [[D], Sections 6.2.4-6.2.5] If D C E, then, for every f € B(E),

(11)  Kpf(a) = f(E) ey e &ﬂm—méémam

1.1.B. [[D], 6.3.2.A.] Suppose that a > 0 belongs to C*(E). If v >0 is a
soluton of the equation

(1.2) Luv=av in B,
then
(13 ole) =Mool exp |~ [ algas].

1.1.C. [ [D], 6.2.5.D.] If D C E are two smooth open sets, then
(1.4)
kp(z,y) =kg(z,y) — 1 perpke(§rp,y) forallz € D,y e OENOD.

1.2. Diffusion with killing rate ¢. An L-diffusion with killing rate
£ corresponds to a differential operator Lu — fu. Here £ is a positive Borel
function. Its the Green and the Poisson operators in a domain D are given
by the formulae

(1.5) Gbfla) =T /OTD P {_ /Ot 0(&s) ds} f(&)dt,

K%f({lf) = II; exp {_ /OTD g(gs) ds} f(gTD)lTD<OO'

THEOREM 1.1. Suppose & is an L-diffusion, T = Tp is the first exit time
from a bounded smooth domain D, £ > 0 is bounded and belongs to C*(D).
If ¢ > 0 is a continuous function on 0D, then z = K%(p is a unique solution
of the integral equation

(1.6) u~+ Gp(lu) = Kpep.

If p is a bounded Borel function on D, then ¢ = G%p 15 a unique solution
of the integral equation

(1.7) u+ Gp(lu) = Gpp.
The first part is proved in [D], Theorem 6.3.1. Let us prove the second
one. Put Y! = exp{— fst 0(&,)dr}. Since daY;t = ((&)YY, we have
t
(1.8) vi—1- [ ue)vids
0

Note that

%wmwmfww%fwww.
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By the Markov property of &, the right side is equal to

11, /0 " dst(&,) / " Yio(e)dt.

By Fubini’s theorem and (1.8), this integral is equal to

[t [ eavias =, [ ane)a - i)

That implies (1.7). The uniqueness of a solution of (1.7) can be proved
in the same way as it was done in [D] for (1.6). [It follows also from [D],
Lemma 8.2.2/]

1.3. h-transform. Let ¢ be a diffusion in F. Denote by fit the o-
algebra generated by the sets {{, € B,s < 7g} with s < t,B € B(E).
Denote F¢ the minimal o-algebra which contains all fit. Let pi(x,y) be
the transition density of ¢ and let h € H. To every z € E there corresponds
a finite measure II” on F¢ such that, for all 0 < t; < --- < t,, and every
Borel sets By, ..., By,

(1.9) 1h{&, € Bi,...,&, € Ba}

—/ d21---/ dzn, P, (X, 21)Da—ty (215 22) - - Dep—t 1 (Zn—1, 2n) P (2n).
Bl n

Note that TI?(Q) = h(z) and therefore T1" = I /h(z) is a probability mea-

sure. (&, HZ) is a strong Markov process with continuous paths and with

the transition density
1
(1.10) pi(@y) = (e y)h(y).

We use the following properties of h-transforms.
1.3.A. If Y € F5,, then
H21t<TEY - Haclt<TEYh(£t)'

[This follows immediately from (1.9).]

1.3.B. [[D], Lemma 7.3.1.] For every stopping time 7 and every pre-t
positive Y,
Y 1 cry = LY R(E:) Lrcry

1.4. Conditional L-diffusion. We put I} = HZ" where h, is given
by 1.(1.3). For every z € E,y € E, we put I} = my = 1" and 114 = 11"
where h(-) = kg(-,y). Let Z = &, 17 <00- It follows from the definition of
the Poisson operator and (1.1) that, for every ¢ € B(OFE),

(1.11) M,(Z) = /d ksl 2)p(2)(d2).
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Therefore
(L12) Tk 206(2) = | kel kel el (@)
OF

is symmetric in z, y.

LEMMA 1.1. ! For every Y € F¢ and every f € B(OF),
(1.13) ILY f(Z) = 1L, f(Z)[1ZY.

PRrROOF. It is sufficient to prove (1.13) for Y = Y'1;,, where Y’ € fit.
By 1.3.A, -

MZY = kp(z, 2) 'EY = kp(z, 2) LY kg(&, 2).

Therefore the right part in (1.13) can be interpreted as

[ M) £2 ke 20) 7 [ ML) (ka6 2().

Q

Fubini’s theorem and (1.12) (applied to ¢(z) = f(2)kg(z, 2)~!) yield that
this expression is equal to

@)Y @) [ ML) 20 (). 2 st 2()
_/Hg;(dw)Y(aJ)/ F()Ekp(& (W), 2)y(dz).
Q@ OF

By (1.11), the right side is equal to

LY, f(Z2) = ILY L e, f(2).
Since Y’ € fit, the Markov property of £ implies that this is equal to the
left side in (1.13). O

Suppose that & = (&,11;) is an L diffusion in E and let~l~; be the re-
striction of L to an open subset D of E. An L-diffusion & = (&, 1I,) can be
obtained as the part of € in D defined by the formulae

ét:ft fOI'OSt<7'D,
I, =1, forzeD.
Notation IT¥ refers to the diffusion é started at x € D and conditioned to

exit from D at y € D. A relation between ITY and IT¥ is established by the
following lemma.

LEMMA 1.2. Suppose that D C E are smooth open sets. For every

zeD,yecdDNOE, andY € F¢,
(1.14) Y = ¥¢{rp = 75, Y }.

Iproperty (1.13) means that I1Z can be interpreted as the conditional probability
distribution given that the diffusion started from z exits from E at point z.
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PROOF. 1t is sufficient to prove (1.14) for Y = }71t<7'D where Y € .7-";.
By 1.3.A, 1.1.C, 1.3.B and Markov property of &,

VY =IL,Ykp (&, y) = LY [ke(&, y) — e, lrp<rpke (&, )
- HacYkE(ftv y) - HmYlTD<TEkE(£TD7 y) - HZY - HZQJCY17—D<7—E

which implies (1.14). O
COROLLARY 1.1. If
t
(1.15) F,=exp| —/ a(&s) ds]
0
where a is a positive continuous function on [0,00), then, fory € 0D NIE,
(116) ﬁ:la!cFTD :Hg{TD:TEaFTE}'

Since Fy, € F¢, this follows from (1.14).

2. Superprocesses

2.1. Branching exit Markov systems. A random measure on a mea-
surable space (E,B) is a pair (X, P) where X (w, B) is a kernel from an
auxiliary measurable space (2, F) to (E, B) and P is a measure on F. We
assume that F is a metric space and B is the class of all Borel subsets of E.

Suppose that:

(i) O is the class of all open subsets of E;

(ii) to every D € O and every p € M(E) there corresponds a random
measure (Xp, P,) on (E, B).

Denote by Z the class of functions

where D; € Q and f; € Band put Y € Y if Y = ¢=Z where Z € Z. We say
that X is a branching exit Markov [BEM] system ? if Xp € M(E) for all
D € O and if:

2.1.A. For every Y € ) and every p € M(E),

(2.2) PY = e (wp)
where

(2.3) u(y) = —log P)Y
and P, = Py, .

2.1.B. For all p € M(FE) and D € O,
PAXD(D) = 0} = 1.

2This concept in a more general setting is introduced in [D], Chapter 3.
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2.1.C. If p € M(F) and p(D) = 0, then
P{Xp=p}=1

2.1.D. [Markov property.] Suppose that Y > 0 is measurable with respect
to the o-algebra F-p generated by Xp/, D’ C D and Z > 0 is measurable
with respect to the o-algebra F~p generated by Xpr, D” > D. Then

(2'4) PM(YZ) = PM(YPXDZ)'

Condition 2.1.A (we call it the continuous branching property) implies

that
PY =[] PuY
forall Y € Y if up,n=1,2,... and g = > u, belong to M(E).

There is a degree of freedom in the choice of the auxiliary space (2, F).
We say that a system (Xp, P,) is canonical if § consists of all M-valued
functions w on O, if Xp(w, B) = w(D, B) and if F is the o-algebra generated
by the sets {w: w(D, B) < ¢} with D € O,B € B,c € R.

We will use the following implications of conditions 2.1.A-2.1.D:

2.1.E. [[D], 3.4.2.D] If D" C D" belong to O and if B € B is contained in
the complement of D", then Xp/(B) < Xpn(B) Py-a.s. for all x € E.

2.1.F. If u =0, then P,{Z =0} =1 for every Z € Z.
This follows from 2.1.A.

2.1.G. If D C D, then
(2.5) {XD = 0} C {XD = 0} P,L-a.s.
Indeed, by 2.1.D and 2.1.F,
PA{Xp=0,X5#0} =P, {Xp=0,Px,[Xp=0]} =0.
2.2. Definition and existence of superprocesses. Suppose that
¢ = (&,11,) is a time-homogeneous right continuous strong Markov pro-
cess in a metric space E. We say that a BEM system X = (Xp, P,), D €

O,u € M(E) is a (& v)-superprocess if, for every f € bB(E) and every
D € O,

(26) VDf(gj) = — 10g Pxe_<vaD>
where P, = P5, and Vp are operators introduced in Section 2.2. By 2.1.A,
(2.7) P~ XD) — =V for all u € M(E).

The existence of a (&, 1)-superprocesses is proved in [D],Theorem 4.2.1
for

(2.8) (@) = bz + /O T (et 1 4 )Nz di)
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under broad conditions on a positive Borel function b(z) and a kernel N
from E to Ry. It is sufficient to assume that:

(2.9) b(x), /100 tN(x;dt) and /01 t2N(z;dt) are bounded.
An important special case is the function
(2.10) Yz, u) =L(z)u*, 1 <a <2
corresponding to b = 0 and
N (z,dt) = {(z)t ™=t
where -
i(z) = 0(2)] /O (€ — 14 NAI7adN .

Condition (2.9) holds if ¢(z) is bounded.
(

Under the condition (2.9), the derivatives ¢, (z,u) = a’“zggﬁ,u) exist for
u > 0 for all r. Moreover,

P1(x,u) = 2bu + /OO t(1 — e ™)N(z, dt),
0

(211) ¢2($,U) = 2b+ /Oo th_tuN(Q?,dt),
0

(=) (w,u) = / t"e "™ N(z,dt) for2<r<n.
0

Put p € M.(E) if p € M(U) for some U € E. In this book we consider
only superprocesses corresponding to continuous processes . This implies
&, € 0D Il -as. for every o € D. It follows from 1.1.A and 2.(2.1)that

2.2.A. For every u € M.(D), Xp is supported by 0D P,-a.s.

The condition 1.4.3.B implies
2.2.B. [[D], Lemma 4.4.1]

(212) ]D;L<f7 XD> = <KDf7 M>
for every open set D C E, every f € B(E) and every u € M(E).

2.3. Random closed sets. Suppose (2, F) is a measurable space, E
is a locally compact metrizable space and w — F(w) is a map from 2 to
the collection of all closed subsets of E. Let P be a probability measure on
(Q, F). We say that (F, P) is a random closed set (r.c.s.) if, for every open
set U in F,

(2.13) {w: Fw)nU =0} € FF
where F¥ is the completion of F relative to P. Twor.c.s. (F, P) and (F, P)
are equivalent if P{F' = F'} = 1.

Suppose (F,, P),a € A is a family of r.c.s. We say that ar.c.s. (F,P) is
an envelope of (F,, P) if:
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(a) F, C F P-a.s. for every a € A.

(b) If (a) holds for F, then F' C F P-a.s.

An envelope exists for every countable family. For an uncountable family,
it exists under certain separability assumptions. Note that the envelope is
determined uniquely up to equivalence and that it does not change if every
r.c.s. (Fg, P) is replaced by an equivalent set.

Suppose that (M, P) is a random measure on E.The support S of M
satisfies condition

(2.14) (SNU =0} = {MU)=0} e F

for every open subset U of E and therefore S(w) is a r.c.s.

An important class of capacities related to random closed sets has been
studied in the original memoir of Choquet [Ch54]. Let (F, P) be a random
closed set in . Put

(2.15) Ap ={w: F(w) N B # 0}.

The definition of a random closed set implies Ap belongs to the completion
FP of F for all B in K.

Note that
Ay CAp ifACB,
AauB=AAUAp, Aunp CAxNAB,
Ap, TAp if B, 1B,
Ak, | Ax if K, | K and K, € K.

Therefore the function
(2.16) Cap(K)=P(Ak), Kek

satisfies conditions 2.4.A-2.4.D and it can be continued to a capacity on F.
Clearly, Ao € FF for all O € Q. It follows from 2.4.B that Cap(O) = P(Ao)
for all open O. Suppose that B is a Borel set. By 2.(4.1), there exist K,, € K
and O,, € O such that K,, C B C O,, and Cap(O,,) — Cap(K,,) < 1/n. Since
Ak, C Ap C Ap,) and since P(Ap, ) — P(Ak,) = Cap(O,,) — Cap(K,,) <
1/n, we conclude that Ap € F¥ and

(2.17) Cap(B) = P(Ap).

2.4. Range of a superprocess. We consider a (¢, ¢)-superprocess X
corresponding to a continuous strong Markov process £. Let F be the o-
algebra in Q generated by Xo(U) corresponding to all open sets O C E,U C
R?. The support Sp of Xo is a closed subset of E. To every open set O
and every u € M(E) there corresponds a r.c.s. (Sp, P,) in E (defined up to
equivalence). By [D], Theorem 4.5.1, for every E and every u, there exists
an envelope (Rg, P,) of the family (So, P,), O C E. We call it the range of
X in F.
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The random set R g can be constructed as follows. Consider a sequence
of open subsets O1,...,0,,... of ¥ such that for every open set O C F
there exists a subsequence O,,, exhausting O. 3 Put

(2.18) M=) ! Xo,

an2™

where a,, = (1, X0,) V 1 and define R as the support of the measure M.
We state an important relation between exit measures and the range.

2.4.A. [ [D], Theorem 4.5.3 | Suppose K is a compact subset of JE and
let D, ={z € E:d(z,K)>1/n}. Then

(2.19) {Xp,(E)=0}1{RgNK =0} P,-as.
for all z € F.

3. Superdiffusions

3.1. Definition. If ¢ is an L-diffusion, then the (&, v)-superprocess is
called an (L, v)-superdiffusion. If D is a bounded smooth domain and if
f is continuous, then, under broad assumptions on 1, the integral equa-
tion 2.(2.1) is equivalent to the differential equation Lu = t(u) with the
boundary condition u = f.

3.2. Family (u, Xp), u € U*.

THEOREM 3.1. * Suppose D,, is a sequence exhausting E and let p €
M(E). Ifu e U=(E) (u € UT(E)) then Y, = e~(“Xbn) is a submartingale
(supermartingale) relative to (Fcp,, P,). For every u € U*, there exists,
Py-a.s., lim(u, Xp,) = Z.

ProOOF. By the Markov property 2.1.D, for every A € Fcp,,,
]D;LlAYn—l—l = ]D;LlAPXDn Yn+1-

Therefore the first statement of the theorem follows from the definition of
U (E) and UT(E). The second statement follows from the first one by
a well-known convergence theorem for bounded submartingales and super-
martingales (see, e.g., [D], Appendix A, 4.3.A). O

3.3. Stochastic boundary values. Suppose that v € B(FE) and, for
every sequence D,, exhausting E,

(3.1) lim (v, Xp,) = Z, Py-as. forall p € M.(E).

Then we say that Z, is a stochastic boundary value of u and we write Z,, =
SBV (u).

3For instance, take a countable everywhere dense subset A of E. Consider all balls
contained in E centered at points of A with rational radii and enumerate all finite unions
of these balls.

4Cf. Theorem 9.1.1 in [D].
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Clearly, Z is defined by (3.1) uniquely up to equivalence. [We say that
Zy and Zy are equivalent if Z; = Zy Py,-a.s. for every p € M (F).] 5 We
call u the log-potential of Z and we write u = LPT(Z) if

(3.2) u(z) = —log Pre %

THEOREM 3.2 ([D], Theorem 9.1.1). The stochastic boundary value ex-
ists for every u € U™ (E) and every uw € UT(E). If Z, = SBV(u) emists,
then w € D(m) and , for every p € M,

(3.3) Pe % = e~ (T

In particular, if u € U(E), then

(3.4) u(z) = —log Pee %" for every z € E.
PROOF. Let D,, exhaust E. By (2.7) and (3.1),

(3.5) e~ VD, (w)p) — pue—(quDw N Pue_Z“.

Hence, lim Vp, (u)(z) exists for every x € E, u € D(w). By 2.2.2.E, for every
D € E, the family of functions Vp, (u), D,, D D are uniformly bounded and
therefore (Vp, (u), u) — (m(u), u). We get (3.3) by a passage to the limit in
(3.5).

(3.4) follows because m(u) = u for u € U(E) by 2.2.2.C. O

Here are more properties of stochastic boundary values.

3.3.A. If SBV(u) exists, then it is equal to SBV (m(u)).

PROOF. Let D,, exhaust E and let n € M (FE). By (3.3) and the Markov
property,

e_<7r(u)7XDn> — PXDn e_Zu — Pp‘{e_Zu‘chn} — C_Zu Pp‘—a.s.
Hence, (7(u), Xp,) — Z, P,-a.s. O

3.3.B. If SBV(u) = Z, and SBV(v) = Z, exist, then SBV(u + v) exists
and

SBV(u + v) = SBV(u) + SBV(v) = SBV(u & v).

The first equation follows immediately from the definition of SBV. It
implies that the second one follows by 3.3.A.

LEMMA 3.1. If, u > v € U(E), then
(3.6) (uev)dv=u.

5Tt is possible that Z, and Z» are equivalent but P,{Z, # Z»} > 0 for some p €
M(E).
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PROOF. If u > v € U(E), then, by 2.2.3.D and 2.3.F, u —v € YT and
u S v =7m(u—v). Therefore, by 3.3.A and 3.3.B,
Zwew = Zyy = Zy — Zy  Pp-as. on {Z, < oo}.
Hence,
(3.7) Zy =Zy+ Zycw Pp-as. on {Z, < oo}

Since Z,, > Z, P,-a.s, this equation holds also on {Z, = co}. Since u & v
and v belong to U(E), ucv+v € U™ (FE) by 2.3.D and, by 3.3.A and 3.3.B,

Z(u9v)EBv - Z(u@v)—f—v = Z(u@v) + 2y = Zy.
Because of (3.4), this implies (3.6). O

3.4. Linear boundary functionals. Denote by F-g_ the minimal
o-algebra which contains F-p for all D € F and by F5g_ the intersection
of Fsp over all D € E. Note that, if D,, is a sequence exhausting F, then
FcEg— is generated by the union of F-p, and F-g_ is the intersection of
fDDn .

We define the germ o-algebra on the boundary Fy as the completion of
the o-algebra F-p_ N F5p— with respect to the family of measures P, u €

M. (E). We say that a positive function Z is a linear boundary functional °
if

3.4.1. Z is Fy-measurable.
3.4.2. For all p € M.(F),

—logP,e ¥ = /[— log Pye™?|u(dx).

343. P{Z<oo} >0 forallzeFE.

We denote by 3 the set of all such functionals (two functionals that
coincide P,-a.s. for all 1 € M (F) are identified).

THEOREM 3.3. [[D], Theorem 9.1.2] The stochastic boundary value Z
of any u € U~ (E)UUT(E) belongs to 3. Let Z € 3. Then the log-potential
u of Z belongs to U(E) and Z is the stochastic boundary value of u.

According to Theorem 9.1.3 in [D],
34.A. If Z1,Z5 € 3, then Z1 + Z5 € 3 and
(3.8) LPT(Z; + Z5) < LPT(Z;) + LPT(Zs).

34B. If Z1,...,Zy,--- € 3 and if Z, — Z P,-as for all p € M.(F),
then Z € 3.

It follows from [D], 9.2.2.B that:

6The word “boundary” refers to condition 3.4.1 and the word “linear” refers to 3.4.2.
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3.4.C. If Z € 3 and if h(z) = P, Z is finite at some point x € F, then
h € H1(FE) and u(x) = —log P,e~Z is a moderate solution.

3.5. On solutions wr. These solutions can be expressed in terms of
the range of the (L, 1)-superdiffusion by the formula
(3.9) wr(z) = —log P,{RgNT = 0}.

[See [D], Theorem 10.3.1.] By taking I' = F, we get the maximal element
of U(E)

(3.10) w(z) = —log P,{REr C E}.

This solution can also be expressed through the range R in the entire space
R (assuming that ¢ is defined in R%)

(3.11) w(z) = —log P,{R C E}.

Indeed, if x € E, then, P,-a.s. Xg is concentrated on RgNIE. If R C E,
then P,{Xgr =0} =1 and, by 2.1.G, Xp = 0 P,-a.s. for all O D E. Hence,
the envelope of Sp , O C R% coincide, Py-a.s. on R C E, with the envelope
of Sp, O C E.

We need the following properties of wr:

3.5.A. wr is the log-potential of
0 ifRgNT =10,
Zr = .
oo HRgNT #0

and
SBV(’U)F) = ZF.
[See Theorem 3.3 and [D], Remark 1.2, p. 133.]

3.5.B. [[D], 10.(3.1) and 10.(3.6)] For every Borel set I' C 0F, wr(z) is
equal to the infimum of wo(x) over all open subsets O D T" of OF.

3.5.C. [[D], 10.1.3.A and 10.1.3.E] If I' C AU B, then wr < w4 + wp.

3.6. Stochastic boundary value of h, and u,. Recall that to every
v € M(OFE) there corresponds a harmonic function

o () = /d ks(a,g)vdy)

[cf. 1.(1.3)] and a solution u, [the maximal element of U(E) dominated by
hy]. A linear boundary functional
(3.12) Z, =SBV(h,)
has the following propertries:
3.6.A. [[D], 9.(2.1)] For all x € E,
P.Z, < h,(x).
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3.6.B. [[D].9.2.2.B] If v € N, then, for all x € E, P,Z, = h,(z) and
uy + Gpy(uy) = hy.

3.6.C. For every v € N, SBV(h,) = SBV(u,).
Indeed, SBV(h,) = SBV(x(h,)) by 3.3.A and 7(h,) = u, by 2.3.A.

A o-moderate solution w, is defined by Lemma 2.2.1 for every v €
NE. We put Z, = SBV(u,) which is consistent with (3.12) because NF N
M(OE) = N by 2.2.4.A and SBV(u,) = SBV(h,) by 3.6.C.

It follows from (3.4) that

(3.13) u,(x) = —log Pre™#  for all v € N
Clearly, this implies
(3.14) Uso () = —log Pp{Z, = 0}.

LEMMA 3.2. For every \,v € N,
(3.15) Uy D Uy = Uryp-

PROOF. By 2.2.3.D, uy + u, € U (F) and so, by 3.3.A, SBV(7(uy +
uy)) =SBV (uy + uy). Since m(uy + uy) = uy ® u,, we get SBV(uy @ uy,) =
SBV(uy + u,). By 3.6.C, the right side is equal to SBV(uy4,), and (3.15)
follows from (3.13). O

3.7. Relation between the range and Z,.

THEOREM 3.4. Suppose that v € N is concentrated on a Borel set
I'C OF. Then

(3.16) PARgNT =0,Z, # 0} =0.
PrOOF. Let D,, exhaust E. We claim that
(3.17) Z, =lim(u,, Xp,) Py-a.s.

Indeed,

Pe—(unXD,) _ =)

by 2.3.F. By passing to the limit, we get

P = e W@
where

Z = lim(u,, Xp,)-
This means u, = LPT Z. By Theorem 3.3.3, Z = SBV(u,) = Z,.

Since u, < h, =0 on OFE \ T', we have
(Xp,(E) =0} = {({uw, Xp,) = 0}
and, by 2.4.A;
PARENT = 0,2, # 0} = lim Po{{u,, Xp,) = 0, Z, # 0)} = 0.
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3.8. Rp-polar sets and class N{*. We say that a subset I' of OF is
Rp-polar if P,{RpNT =0} =1 for all z € E.

THEOREM 3.5. Class N associated with the equation
Au=u*1<a<?2

in a bounded smooth domain E consists of all finite measures v on OF
charging no Rg-polar set.

This follows from proposition 10.1.4.C, Theorem 13.0.1 and Theorem
12.1.2 in [D].

4. Notes

In this chapter we summarize the theory of superdiffusion presented in
[D]. Our first publication [Dy91a] on this subject was inspired by a paper
[Wa68] of S. Watanabe where a superprocess corresponding to ¢ (x,u) =
b(z)u? has been constructed by a passage to the limit from a branching
particle system. [Another approach to supeprocesses via Ito’s stochastic
calculus was initiated by Dawson in [Da75].] Till the beginning of the 1990s
superprocesses were interpreted as measure-valued Markov processes Xj;.
However, for applications to partial differential equations it is not sufficient
to deal with the mass distribution at fixed times ¢t. A model of superdiffu-
sions as systems of exit measures from open sets was developed in [Dy91al,
[Dy92] and [Dy93]. For these systems a Markov property and a continuous
branching property were established and applied to boundary value prob-
lems for semilinear equations. In [D] the entire theory of superdiffusion was
deduced from these properties.

A mass distribution at fixed time ¢ can be interpreted as the exit measure
from the time-space domain (—oo,t) x R?. To cover these distributions,
we consider in Part I of [D] systems of exit measures from all time-space
open sets and we apply these systems to parabolic semilinear equations. In
Part II, the results for elliptic equations are deduced from their parabolic
counterpart. In the present book we consider only the elliptic case and
therefore we can restrict ourselves by exit measures from subsets of R
Since the technique needed in parabolic case is more complicated and since
the most results are easier to formulate in the elliptic case, there is a certain
advantage in reading the first three chapters of the present book before a
systematic reading of [D].

More information about the literature on superprocesses and on related
topics can be found in Notes in [D].






CHAPTER 4

N-measures

N-measures appeared, first, as excursion measures of the Brownian snake
— a path-valued Markov process introduced by Le Gall and used by him and
his school for investigating the equation Au = u?. In particular, they play
a key role in Mselati’s dissertation. In Le Gall’s theory, measures N, are
defined on the space of continuous paths. We define their analog in the
framework of superprocesses (and general branching exit Markov systems)
on the same space {} as measures P,.

To illustrate the role of these measures, we consider probabilistic solu-
tions of the equation Lu = 1(u) in a bounded smooth domain E subject to
the boundary condition v = f on OF where f is a continuous function. We
compare these solutions with a solution of the same boundary value problem
for a linear equation Lu = 0. For the linear equation, we have

u(z) =1 f(rp)
where (&, I1,) is an L-difusion. For the equation Lu = 1 (u) an analogous
formula can be written in terms of (L, v)-superdiffusion:

u(z) = —log Pre~/Xe),
An expression in terms of N-measures has the form
u(z) = Ny(1 — e~ X8y,

Because the absence of logarithm, this expression is closer than the previous
one to the formula in the linear case. The dependence on x is more transpar-
ent and this opens new avenues for investigating the equation Lu = 9 (u).
To a great extent, Mselati’s success in investigating the equation Au = u?
was achieved by following these avenues. Introducing N-measures into the
superdiffusion theory is a necessary step for extending his results to more
general equations. In contrast to probability measures P,, measures N, are
infinite (but they are o-finite).

In this chapter we use shorter notation M, U, ... instead of notation
M(E), U(E),.... No confusion should arise because we deal here with a
fixed set . We construct random measures N, with the same auxiliary
space (€2, F) as the measures P,. We show that, for every u € U, the value
Z, can be chosen to satisfy 3.(3.1) not only for P, but also for all N,z € E.
Similarly, the range R g can be chosen to be an envelope not only of (Sp, P,)
but also of (Sp,N,). We also give an expression for various elements of U
in terms of measures N,.

35
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1. Main result

1.1. We denote by O, the class of open subsets of ¥ which contain
x and by Z, the class of functions 3.(2.1) with D; € O,. Put Y € ), if
Y = e Z with Z € Z,. In Theorem 1.1 and in section 2 we assume that
(E,B) is a topological Luzin space. *

The following result will be proved in Section 2.

THEOREM 1.1. Suppose that X = (Xp, P,) is a canonical BEM system
in (E,B). For every x € E, there ezists a unique random measure Ny on
the o-algebra F* generated by Xo, O € O, such that:

1.1.A. For everyY € Yy,
(1.1) N;(1-Y)=—logP,Y.
1.1.B.
N,(C)=0
if C € F® is contained in the intersection of the sets {Xo = 0} over all
0ec0,.
Here we prove an immediate implication of this theorem.

COROLLARY 1.1. For every Z € Z,,

(1.2) N.{Z #0} = —log P,{Z = 0}.
If P,{Z =0} > 0, then
(1.3) N {Z # 0} < 0.

Equation (1.2) follows from (1.1) because \Z € Z, for every A > 0 and
1—e %1 144 as A — oo. Formula (1.3) follows from (1.2).

After we construct measures N, in Section 2, we discuss their applica-
tions.

2. Construction of measures N,

2.1. Infinitely divisible random measures. Suppose that (F, B) is
a measurable space and let X = (X (w), P) be a random measure with values
in the space M of all finite measures on E. X is called infinitely divisible if,
for every k, there exist independent identically distributed random measures
(X1, P®), ..., (Xg, P®) such that the probability distribution of X +- - -+
X, under P%) is the same as the probability distribution of X under P. This
is equivalent to the condition

(2.1) Pe= XD — [pR=(FXNk for every f € bB.

IThat is it is homeomorphic to a Borel subset Eof a compact metric space.
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Denote by B the o-algebra in M generated by the sets {v : v(B) < ¢}
where B € B,c € R. It is clear that (2.1) is satisfied if, for all f € bB,

(22) eI — exp [~(f.m) ~R(1 - =)

where m is a measure on E and R is a measure on (M, By). If (E,B) is a
measurable Luzin space, ? then to every infinitely divisible random measure
X there corresponds a pair (m, R) subject to the condition (2.2) and this
pair determines uniquely the probability distribution of X (see, e.g., [Ka77]
or [Da93]). The right side in (2.2) does not depend on the value of R{0}. If
we put R{0} = 0, then the pair (m, R) is determined uniquely.

It follows from (2.2) that, for every constant A > 0,

)\<1, m> + R(l — 6_>\<1’V>) = — 10g Pe_>‘<17X>'

The right side tends to —log P{X = 0} as A — oo. Therefore if P{X =
0} > 0, then m =0, R(M) < oo and (2.2) takes the form

(2.3) Pe %) = exp[-R(1 — e,
We call R the canonical measure for X .

2.2. Infinitely divisible random measures determined by a
BEM system. Random measures (Xp, P,) which form a BEM system are
infinitely divisible: the relation (2.1) holds with P(*) = P, /- Moreover, to
every family of open sets I = {D;,..., D,} there corresponds an infinitely
divisible measure (X7, P,) on the union E; of n replicas of E. Indeed, put

Xr= {XD17"'7XDn}7 fr= {fla"'afn}a
(2.4) i
(fr. X1) =Y _{fi,Xp,)
i=1
and use 3.2.1.A and 3.2.1.D to prove, by induction in n, that
]Due_<f17XI> — [P,L/ke_<fI’XI>]k-

Therefore (Xy, P,) satisfies (2.1).

Note that, if D € Q,, then, by 3.(2.7) and 2.2.2.E,

P {Xp =0} = lim Pye"M¥P) = lim VP& 5 0,
A—00 A—00

It follows from 3.2.1.G that, if I = {D1, ..., D,} C O, then P,{X; =0} >
0.

Denote by M the space of all finite measures on F;. There is a natural
1-1 correspondence between vy € M and collections (v, ...,v,) where
v; € M. The product of n replicas of Ba is a g-algebra in M;. We denote
it Byrq,. By applying formula (2.3), we get

(2.5) PpeT1X0) — exp[-RL(1 — e 17 for I C O,

2That is if there exists a 1-1 mapping from E onto a topological Luzin space E such
that B € B if and only if its image in F is a Borel subset of E.
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where RL is a measure on (M7, Bag,) not charging 0.

2.3. We use notation OI for the the family {O, Dy,...,D,} where
I ={D,,...,D,}. We have:

2.3.A. If OI C O, then for every fr,
(2.6)
Rgl{uo # 0, e_<ff’”f>} = —log P,{X0o =0, e_<ff’XI>} -+ longe_<ff’XI>.

ProoF. Consider functions f* = {\, f1,..., fo} where A > 0. By (2.5),
Rgl{—e_<f/\’”01> + e—(f07V01>}

_ Rgl(l _ e—>\(17Vo>—(f17V1>) _ Rgl(l _ e—(f17V1>)

= —log Pye MLXo)={f1.X1) | 100 P~ {/1:X1)

Note that
_e~(Frwor) 4 o= (frvn) _, 1@07&0}6_“1’””,
e~ NXo)=(fr.X1) _, 1{XO:0}€_<fI’XI>
as A — oo which implies (2.6). O

2.3.B. If z € O’ C O, then

(2.7) P{Xo=0Xor =0} =1
and
(2.8) R {vpr = 0,0 # 0} = 0.

Proor. By the Markov property 3.2.1.D,
PA{Xo =0} — P{Xor = Xo =0} = P.{Xo =0,X0 #0}
= Py[Xo =0, Px,{Xo #0}] =0

which implies (2.7).
By 2.3.A,

Rgo/{uo # 0, e_<’\’”0/>} = —log P.{Xo =0, e_<’\’XO/>} + log Pe— M Xor),
By passing to the limit as A — oo, we get
RO {vor = 0,v0 # 0} = —log P.{Xor = 0, Xo = 0} + log P.{ X0 = 0}
and therefore (2.8) follows from (2.7). O
2.3.C. If I ¢ J C O, then
RO vo # 0,v1r € BY = R {vo # 0,vr € B}

for every B € B, .
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PROOF. Suppose that f; = 0. Since (fr, X1) = (fs, X), we conclude
from (2.6) that

(2.9) RO {vo #0,e= 170}y = ROV (1 £ 0, e~ vy,
By the Multiplicative systems theorem (see, e. g., [D], the Appendix A),
this implies 2.3.C. U

2.4. Proof of Theorem 1.1. 1°. Note that, by (2.6), R9!(vo # 0) =
—log P.{Xo = 0} does not depend on I. It is finite because P,{Xp =
0} > 0. Consider a set Qo = {Xo # 0} and denote by Fp the o-algebra in
Qo generated by Xp(w), D € O,. It follows from 2.3.C and Kolmogorov’s
theorem about measures on functional spaces that there exists a unique
measure N on (Qp, Fp) such that
(2.10) Nge_<fI’XI> = Rgl{uo # 0, e_<ff’”f>}
for all I and all f;.

By the Multiplicative systems theorem,

(2.11) NOF(X;) = RO {vo £ 0, Fur)}

for every positive measurable F'.
2°. Suppose that x € O’ € O. We claim that Qp C Qo Ng-a.s. and
that NO = Ng/ on Qo. The first part holds because, by (2.11) and 2.3.B,

NQ{XO/ = 0} = Rgo/{VO 7& 0, vor = 0} = 0.
The second part follows from the relation
(2.12) NP {Xo # 0, F(X1)} = NJ'{Xo # 0, F(X1)}

for all positive measurable F. To prove this relation we observe that, by
(2.11),

(2.13) NY{Xo # 0, F(X1)} = RO vor # 0,00 # 0, F(v)}.
By (2.11) and 2.3.C
(2.14)

NO{Xo #0,F(X1)} = RONvo # 0, F(v1)} = RV {vo #0,F(vr)}.
By 2.3.C and 2.3.B,
'Rgo/l{uo #0,v0r =0} = Rgo/{w) #0,v0r =0} = 0.

Therefore the right sides in (2.13) and (2.14) are equal.

3°. Note that, for every Oy, Oy € O,, N9t = N92 on Qp, NQp, because,
for O’ = 01 N0y, N9' = N9’ on Qp, and N?2 = N9’ on Qp,. Let Q* be the
union of Qo over all O € Q,. There exists a measure N, on * such that
(2.15) N, = Ng on Qo for every O € Q.

By setting N, (C) = 0 for every C C 2\ * which belongs to F* we satisfy
condition 1.1.B of our theorem.
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4°. Tt remains to prove that N, satisfies condition 1.1.A. We need to
check that

(2.16) No{1 — e~ 1X = _log Pef1X0)

for every I = {Dq,...,D,} such that D; € O, and for every f;. The
intersection O of D; belongs to Q. Since, for all i, {Xp =0} C {Xp, =0}
N;-a.s., we have

(2.17) {Xo =0} c{e VXD =1} N, —as.
and
N {1 — e—(fLXI)} =N, {Xp #0,1— e—(fLXI)} = NO{1 - e—(f17X1>}'

By (2.11), the right side is equal to R {vp # 0,1 —e~ 1712}, This is equal
to —log Pye~/1:X1) by (2.6)and (2.17).

5°. If two measures N, and N, satisfy the condition 1.1.A, then
(2.18) No{Xo #0,1-Y} =N, {Xo #0,1-Y}

forall O € O, and all Y € Y,. (This can be proved by a passage to the limit
similar to one used in the proof of Corollary 1.1.) The family {1-Y,Y € ), }
is closed under multiplication. By the Multiplicative systems theorem, (2.18)
implies that N.{Xo # 0,C} = N.{Xo # 0,C} for every C' € F* contained
in Q*. By (1.1.B), N,(C) = N,(C) = 0 for C € F* contained in \ Q*.

Thus N, = N, on F~*. O

3. Applications

3.1. Now we consider an (L, ¢)-superdiffusion (Xp, P,) in a domain
E C R%. All these superdiffusions satisfy the condition

(3.1) 0< P{Xp=0}<1 forevery DC F and every z € D.
By 2.2.2.C, if u € U then Vp(u) = u for every D € E.

3.2. Stochastic boundary value.

THEOREM 3.1. Let X = (Xp, P,) be an (L, v)-superdiffusion. For every
u € U™, there ezists a function Z,(w) such that
(3.2)
lim (u, Xp,) =Z, Py-a.s. for all p € M(E) and Ny-a.s.for allx € E

for every sequence D,, ezhausting E. 3

From now on we use the name a stochastic boundary value of u and the
notation SBV (u) for Z, which satisfies (3.2).
To prove Theorem 3.1 we use two lemmas.

3(u, Xp,) € F® for all sufficiently big n.
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LEMMA 3.1. For every Z,Z € Z,,

(3.3) NA{Z=0,Z#0} =—log P,{Z =0|Z =0}
If x € O' C O, then
(3.4) {XO 7& 0} C {XO/ 7& 0} N;-a.s.

ProoOF. By (1.2),
N.{Z #0} = —log P,{Z = 0}
and
NAZ+Z#0}=—logP{Z+Z =0} = —logP,{Z =0,Z =0}.

Therefore
NAZ=0,Z#0} =N {Z+7Z #0} — N, {Z # 0}
= —log P,{Z =0,Z =0} +log P,{Z = 0}
which implies (3.3). Formula (3.4) follows from (3.3) and (2.7). O
Denote FZ |, the o-algebra generated by X such that « € D' C D.

LEMMA 3.2. Put Yo = e~ Xo) [fu e U™ and x € O' C O, then, for

T

every V€ FZo/,
(3'5) Nac{XO/ # 0, V(l - YO)} < Nac{XO/ # 0, V(l - YO/)}'

ProoOF. Note that
(3'6) Nac{XO/ # 0, V(l - YO)} = Nxv(l - YO)'
Indeed,

1{Xo/7£0}(1 — Yo) =1—-Yo

on {Xor # 0}. By (3.4), this equation holds Ny-a.s. on {Xp # 0}. It holds
also on {Xo = 0} because there both sides are equal to 0.

To prove our lemma, it is sufficient to show that (3.5) holds for V =
e~ 1X1) with T = {Dy,..., D,} where z € D; C O'. By (3.6) and (1.1),

(3.7)

Ne{Xo #0,V(Yo — Yor)}

=No{Xo # 0, V(1 = Yo )} = No{Xor #0,V(1 - Y0)}

=N {V(1=Yo)} = No{V(1 = Yo)} = —No (1 = V¥o) + No(1 = VYor)

= —log P,VYy +log P,VYp.
fuel™ ,then P,Yp = e~ Vo) > o=(wm and, by the Markov property
3.2.1.D,

P,VYo = P.(VPx,,Yo) > P.VYor.

Therefore the right side in (3.7) is bigger than or equal to 0 which implies
(3.5). 0
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3.3. Proof of Theorem 3.1. As we know (see Theorem 3.3.2), the
limit 3.(3.1) exists P,-a.s. and is independent of a sequence D,,. Let us
prove that this limit exists also N -a.s.

Put Q,, = {Xp,, # 0}, Y,, = e~{&X0n) If m is sufficiently large, then
D,, € O,. For every such m and for all n > m, denote by F]" the o-algebra
in €, generated by Xy where x € U C D,,. It follows from (1.2) and (3.1)
that

0 < N, () < 0.
The formula NA(C
Q(C) = )
N ()
defines a probability measure on €,,. By Lemma 3.2 applied to O’ = D,,
and O = Dj41,

N {20, V(1 = Y1)} < N{Q,, V(1 = Y,)} for V € Fep,
and therefore
QIM{V(1-Yo1)} <QM{V(A-Y,)} forn>m andV € F

Hence, 1 — Y,,,n > m is a supermartingale relative to F,* and Q7. We
conclude that, Q7'-a.s., there exists lim(1 — Y},) and therefore there exists

also the limit 3.(3.1). O
3.4.
THEOREM 3.2. If Z = Z° + Z,, where Z° € Z,,u € U™, then

(3.8) N,(1—e %)= —log Pe %,

First we prove a lemma. For every U € Q,, denote by Zy the class of
functions 3.(2.1) with D; D U and put Y € Yy if Y = e~ with Z € Zy.

LEMMA 3.3. Suppose that U is a neighborhood of x. If'Y,, € Yy converge
Pi-a.s. toY and if P,{Y >0} > 0, then

(3.9) N,(1-Y) = —logP,Y.

PRrROOF. By the Markov property 3.2.1.D, P.{Xy = 0,Xp # 0} =0
for every D D U and therefore every Y € )y is equal to 1 P,-a.s. on
C={Xy =0}

Denote by @ the restriction of N, to {Xy # 0}. By (2.6), (2.10) and
(2.15), if Y € Yy, then
(3.10) QY = —log P,{C,Y} +log P,Y = —log P,(C) +log P, Y.

Since Y2, Y2, Y;,Y;, belong to Vi, we have

Q(Ym—Y,)? = QY2 +QY;} —2QY,,Y,, =log P, Y, +log P, Y;? —2log Py Yy, Y.

By the dominated convergence theorem, the right side tends to 0 as m,n —
oo. A subsequence Y, converges P,-a.s. and Q-a.s. to Y. Since @ is a
finite measure and 0 <Y, <1,
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Formula (3.10) holds for Y;,. By passing to the limit, we conclude that it
holds for Y. Therefore N, {Y, Xy # 0} = —log P,(C) + log P,Y. By (1.2),
this implies (3.9). O

Proof of Theorem 3.2. If D,, exhaust E, then, P,-a.s.,Y = e 4 =1limY,,
where Y,, = e=Z°—(wXpy) ¢ Y. For some U € Q,, all Y,, belong to Vy . It
remains to check that P,{Y > 0} > 0. Note that Z° < co P,-a.s. and

Pye(wXDn) — o= VDu(w)(@) > o—ul@)
Therefore Poe=?* > 0 and P.{Z, < co} > 0. O
REMARK 3.1. It follows from Theorem 3.2 that, for every v € M(E),
N.Z, = P, Z,.

Indeed, for every A > 0, u = Ah, € U~ and therefore, by (3.8), N, (1 —
e ) = —log Pe . Since P,Z, < oo by 3.3.6.A, we can differentiate
under the integral signs.

3.5. Range.

THEOREM 3.3. For everyxz € E, a closed set Rg can be chosen to be, at
the same time, an envelope of the family (So, P;),O C E and an envelope
of the family (So,N;), O € Q,. For every Borel subset I' of OF,

(3.11) NARENT # 0} = —log P,{RgNT = 0}.
The following lemma is needed to prove Theorem 3.3.

LEMMA 3.4. Suppose that U is a relatively open subset of OF, O is an
open subset of E, Oy exhaust O and

(3.12) Ay = {Xo,(U) =0 for all k, Xo(U) # 0}.
Then P,(Ay) =0 for all p € M(E) and Ny(Ay) =0 for all z € O.

Proor. By [D], Lemma 4.5.1, P,(Ay) = 0 for p € M(E). If z € O,
then z € O,, for some m. Since the sequence O,,, Op,+1, ... exhaust O, we
can assume that x € O1. Put Z = Xo(U), Z, = 3.7 X0, (U) and note that
Ay ={Zs = 0,Z # 0} and P,{Zs =0} > P.{X0, = 0} > 0. By Lemma
3.1 applied to Z and Z,,

N {Ay} <N {Z,=0,Z#0} = —log P,{Z = 0|Z,, = 0}.
As n — oo, the right side tends to
—log{1 — Py(Ay)/Pu[Zoc = 0]} = 0.
Hence N, Ay = 0. O
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3.6. Proof of Theorem 3.3. 1°. We prove the first part of the theorem
by using the construction described in Section 3.2.4. It follows from Lemma
3.4 that the support Rg of the measure M defined by 3.(2.18) is a minimal
closed set which contains, P,-a.s. for p € M(E) and N-a.s., the support of
every measure Xp, D € Q,. The proof is identical to the proof of Theorem
5.1 in [D], p. 62 or Theorem 5.1 in [Dy98], p. 174.

2°. First, we prove formula (3.11) for relatively open subsets of OE. For
every such a subset U, we put

n
Zr=X0,U), Zn=Y_Z,
1

(3.13)

Ay ={Z,#0}, A,={Z,1=0,Z,#0} forn>1.
Note that

{RenU =0}={M{U)=0}={Z,=0 for all n},
(3.14)

{ReNU #£0} = A,
and Ifx{Zn = 0} > 0 for all n. By Lemma 3.1 applied to Z = Z,, and

Z = Zy,_1, we have
Nac(An) = - long{Zn - O‘Zn—l - 0}
and therefore, by (3.14),

(3.15) Nof{RpnU # 0} = —log [ [ Pe{Zn = 0|Z,-1 = 0}
1

= —log P{Z, =0 foralln}=—logP,{RpNU = 0}.

Thus formula (3.11) holds for open sets.

Now suppose that K is a closed subset of OF and let U, = {z € 0F :
d(z,K) < 1/n}. By applying (3.15) to U, and by passing to the limit, we
prove that (3.11) is satisfied for K.

To extend (3.11) to all Borel sets I' C OF, we consider Choquet capaci-
ties 4

Cap,(T) = PARE (T # 0}
and
Capy(I') = No{Rp NI # 0}
[Note that Capy(T') < Capy(9F) = —log P,{Rr N IOE = 0} < occ.] There
exists a sequence of compact sets K, such that Cap,(K,) — Cap;(I') and
Capy(K,,) — Capy(I'). We have

Capy(K,) = —log[l — Cap,(K,)].
By passing to the limit we prove that (3.11) holds for T O

4See Section 2.4.
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REMARK. A new probabilistic formula

(3.16) wr(z) =N, {Rrp NT # 0}.

for functions defined by 1.(1.5)-1.(1.6) follows from (3.11) and 3.(3.9).
3.7. Probabilistic expression of a solution through its trace.

THEOREM 3.4. If Z = SBV(u) for u € U™, then, for every Borel set
I' C OF,
(3.17)
—1log P{RENT =0,e?} =N, {ReNT # 0} + N, {RgNT = 0,1 — e %},

Formula (3.17) with Z = Z,,v € /\/OE provides a probabilistic expression for
the solution wr @ u,. In particular,

(3.18) —logPre %" = N {1 —e %} =u,(x)
and
(3.19) —log P,{ReNT =0} =N {RpNT # 0} = wp(z).

3.8. In preparation for proving Theorem 3.4 we establish the following
result.

LEMMA 3.5. If Z =SBV (u),u € U™, then for every Z', 7" € Z,,
(3.20) NAZ =0,1—e %} = ~logP{e?|Z =0}
and
(321) N{Z =0,2" #0,e %}

= —log P,{e ?|Z' = 0} + log P,{e™?|Z' = Z" = 0}.
PRrOOF. By Theorem 3.2, for every A > 0,
— longe_AZ/_Z =N, (1—- e_’\Z/_Z).
By taking A — oo, we get
—log Po{Z = 0,677} = N,(1 —1z_ge™%).
By (1.2), this implies (3.20). Note that
{(Z'=0,2" 40} ={Z' =0} \{Z + Z" =0}.

Therefore
NAZ =0,2" #0,1—e ?}=N,{Z' = 0,1-e ?} N {Z'+2" = 0,1-e 7}

and we get (3.21) by applying (3.20). O
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3.9. Proof of Theorem 3.4. We use notation (3.13). Put
I, = —log Pu{e % Z, = 0}.
By (3.14),

(322) Ioo= lim I, = —log P {e ?|ReNU =}

= —log P{RENU = 0,e %} +log P,{Rp NU = (}.
By (3.22) and (3.11),

(3.23) —log PL{RENU =0,e7%} = I + Np{Rp N U # 0}.
By (3.14),
(3.24) NeAReNU #0,1— e 7} = No{Ap, 1 — e 7},

1

It follows from (3.20) and (3.21) that
N {A;,1—e?}=—logPee? - I

and
N{4,,1— e_Z} =I,.1—1, forn>1.

Therefore

(3.25) No{RpNU # 0,17} =Y NofAn, 1—e77} = —log Pre™? I
1

and, by (3.8),

(3.26) I =—logPe™? —N{RpNU #0,1—e?}

=N,(1-e?) =N ARpNU #0,1—e?} =N {RpNU =0,1—e?}.

It follows from (3.23) and (3.26) that (3.17) is true for open sets I'. An
extension to all Borel sets can be done in the same way as in the proof of

Theorem 3.3.
To prove the second part of the theorem, it is sufficient to show that

(3.27) wr Quy, = —log P, {RpNT =0,e %}
Let w = wr ®u,. By 3.3.3.B, SBV(u) = Zr + Z, where Zr = SBV(wr). By
3.(3.4), u(x) = —log Pre=%r=%v and (3.27) follows from 3.(3.5.A). O

3.10. It follows from (3.17) and (3.11) that
(3.28) NARENT =0,1—e?} = —logP{e ? | RpeNT = 0}.

By 3.(3.9), P.{ReNT =0} = e~ r® > 0]
By applying (3.28) to AZ and by passing to the limit as A — +oo, we
get

(3.29) N {RgNT =0,Z#0}=—logP,{Z=0|RpNT = 0}.
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If v € N is concentrated on I, then {RgNT =0} C {Z, =0} P,-a.s. and
therefore

(3.30) No{R5NT =0,7, #0} = 0.
It follows from (3.29) and (3.11) that
(3.31)

—log PL{RENT =0,Z =0} = N {RpNI # 0}+N{RpN[ =0, Z # 0}.
We conclude from this relation and 3.(3.14) that
(3.32) Usow = —log Pu{Z, = 0} = No{Z, # 0}.

4. Notes

The results presented in this chapter can be found in [DK04].

A systematic presentation of Le Gall’s theory of the Brownian snake and
its applications to a semilinear equation Au = u? is contained in his book
[Le99]. It starts with a direct construction of the snake. A related (L,))-
superdiffusion with quadratic branching ¢ (u) = u? is defined by using the
local times of the snake. A striking example of the power of this approach is
Wiener’s test for the Brownian snake (first, published in [DL97]) that yields
a complete characterization of the domains in which there exists a solution
of the problem

Au=u? inE,
u=o00 ondkE.

Only partial results in this direction were obtained before by analysts. °

A more general path-valued process — the Lévy snake was studied in a
series of papers of Le Gall and Le Jan. Their applications to constructing
(&, )-superprocesses for a rather wide class of ¢ are discussed in Chapter 4
of the monograph [DuL02].

We refer to the bibliography on the Brownian snake and the Lévy snake
in [Le99] and [DuL02].

Later Labutin [Lab03] proved a similar result for all equations Au = u® with o > 1
by analytical methods.






CHAPTER 5

Moments and absolute continuity properties of
superdiffusions

In this chapter we consider (L, 1)-superdiffusions in an arbitrary domain
E, with ¢ defined by 3.(2.8) subject to the condition 3.(2.9).

The central result (which will be used in Chapter 9) is that, if A belongs
to the germ o-algebra Fy (defined in Section 3.4 of Chapter 3), then either
P,(A) =0 for all 4 € M (E) or P,(A) > 0 for all 4 € M.(E). The proof is
based on the computation of the integrals

(0.1) /6_<f°’XD><f1,XD>---<meD>

with respect to measures N, and P, and on a Poisson representation of
infinitely divisible measures.

As an intermediate step we consider the surface area v on the boundary
of a smooth domain D and we prove that the measures

(0.2) n%(B) —Nx/BXD(dyl)...XD(dyn), zeD

and

03)  Po(B) =P [ Xoldn) ... Xpdy). e Mc(D)

vanish on the same class of sets B as the product measure y"(dyy, . .., dy,) =

Y(dy1) - ..y (dyn)-

1. Recursive moment formulae

Let D € E and let fo, f1,--- € B(D). Put

(1.1) ¢ =4'[Vp(fo)]-
We express the integrals (0.1) through the operators G%, f(z) and K% f(x)
defined by 3.(1.5) and a sequence

q(z) =1, q2(z) =2b —I—/ th_w(x)N(:):, dt),
(12) -« ’
¢ (x) = / e "N (z,dt)  for r > 2
0

49
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which we call a g-sequence. By 3.(2.11), the function ¢ (x,u) is infinitely
differentiable with respect to u and

(1.3) 0:(2) = (<) (2, (x))  for 1 > 2.

The functions ¢, are strictly positive and bounded.

1.1. Results. We consider nonempty finite subsets C' = {i1, ..., iy} of
the set {1,2,...} and we put |C| = n. We denote by P, (C) the set of all
partitions of C' into r disjoint nonempty subsets Ci, ..., C,.. We do not dis-
tinguish partitions obtained from each other by permutations of C1, ..., C.
and by permutations of elements inside each C;. For instance, for C' =
{1,2, 3}, the set P2 (C) consists of three elements {1, 2}U{3}, {1,3}U{2} and
{2,3} U {1}. We denote by P(C) the union of B, (C) over r =1,2,...,|C|.

For any functions ¢; € B(D), we put

(1.4) {1} = o1,
(1.5) {e1,- - o0} = Gplarpr ... r) forr>1
We prove:

THEOREM 1.1. Suppose that fo, f1, f2, - € B(D) and let 0 < B <
fo(z) <~ for all x € D where 3 and v are constants. Put p; = K& f;.
The functions

(1.6) zo(z) = Nye~ o Xp) H(fi,XD>, zeD
icC

can be evaluated by the recursive formulae
zo =i for C ={i},
(1.7) 2o = Z Z {zcys. - 20} for |C] > 1.

2<r<|Cl B (C)

THEOREM 1.2. In notation of Theorem 1.1,

(1.8) ]Due_<f07XD> H<fi’ Xp) = e~ (VD (fo)m) Z (zeys 1) - - (20,5 1)
i€C B(O)

for every p € M (D).
Theorems 1.1 and 1.2 imply the following expressions:

'9) Px<f7XD> :N$<f7XD> :KDf(x)v

[

(

(1.10)
Pac< 7XD>2 - Nac<fv XD>2 + [N$<fv XD>]2 = GD[QQ(KDf)2](x) + [KDf(x)]2

—_
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1.2. Preparations. Let D; = ai/\i. Suppose that F*(z) is a function

of z € D and A = {A1,\2,...} € [0,1]* which depends only on a finite
number of A;. Put F' € C*° if F' and all its partials with respect to A are
bounded. Write Do F for D;, ... D; F if C = {iy < ---<i.}. ! Let

vo=fot+ > Nifi
ieC
Y2 =Yo+ ) MY
ieC
where Y; = (f;, Xp).

LEMMA 1.1. Suppose that for all z, fo(x) > 5 > 0 and fi(x) < v for
i € C. Then the functions

(1.11) ug(w) = Np(1 - e7¥¢) = Vi (yd) ()
belong to C* and
(1.12) zo = (=1)IHHDeud) [ro.

PRrOOF. 1°. Put I = (1, Xp). First, we prove a bound 2
(1.13) N, < 1.
Note that by 4.(1.1), 3.(2.6) and 3.(2.1),
(1.14) N.(1—e ™M)= —logPe™ = Vp(\)(z) < Kp(\)(z) = A

Since (1—e™M)/X\ — Tas A | 0, (1.13) follows from (1.14) by Fatou’s lemma.
2°. For every 8 > 0 and every n > 1, the function ¢, (t) = e #4" ! is
bounded on R,. Note that ¥; < I for i € C' and e~Ye < e PI. Therefore

|D;, ... D, (1 — e_YC%)\ =Y, .. .Y;ne_yé <A"Ipp(I) < const. I.
It follows from (1.11) and (1.13) that, for all iy, ... 4, € C,
Dy, ... Diup =NyD;, ... Dy, (1— e ¥).
Hence u, € C* and it satisfies (1.12). O

1.3. Proof of Theorem 1.1. 1°. It is sufficient to prove (1.6) for
bounded f1, fa,.... (This restriction can be removed by a monotone passage
to the limit.) Operators Kp,Gp, Kfé) and G% map bounded functions to
bounded functions. Indeed, if 0 < f < «, then Kfé)f < Kpf < = and
G% f < Gpf < All,mp and, for a bounded set D, Il.7p is bounded by
Proposition 3.1.1.

put Do F = F for C = 0.
2After we prove Theorem 1.1, a stronger version of (1.13) NI = 1 will follow from
(1.9).



53. MOMENTS AND ABSOLUTE CONTINUITY PROPERTIES OF SUPERDIFFUSIONS

2°. Let F € C*. We write F ~ 0 if DoF|x—9 = 0 for all sets C
(including the empty set). Clearly, F' ~ 0 if, for some n > 1,

(1.15) FA =) M@} + A
1

where [A| = Y7\, Q) are polynomials in A with coefficients that are
bounded Borel functions in z and € is a bounded function tending to 0
at each x as |A| — 0. It follows from Taylor’s formula that, if ' ~ 0, then F'
can be represented in the form (1.15) with every n > 1. We write F} ~ F,
if F{ — Fy ~ 0. Note that, if F ~ 0, then FE ~ 0 for every F € C® and
therefore F1 Fy ~ FyFy if Fy ~ Fy and Fy ~ F. Operators Kp,Gp, K fé) and
G, preserve the relation ~.
Put u? = u. It follows from Lemma 1.1 that

(1.16) u ~u —I—Z |B| \pzp

where B runs over all nonempty subsets of C.
3°. By 3(2.8), 3(2.11) and Taylor’s formula, for every n,

(117) W(u) = $(u’) + ¢ (u’)(u ~ uo)
+Z 0 (W) (= )7 Rt — )"

where

Ra(z) = & /0 T (e _ o) N (g di)

n!

with 6 between u® and u*. By (1.16),
(1.18) (u* —u’ Z H DIPINp 2,
SOSC VD SEE

P(B)

Since u® = Vp(fo) and, by (1.1), 11 (u®) = £, we conclude from (1.17), (1.18)
and (1.3) that

¢( +€Z)\ zi +4 Z |B| 1)\BZB + Z |B|pB
|B|>2 BcC

where pp = 0 for |[B| =1 and

pB—qu Z zp, -..zp, for |B|>2.

r>2 mT(B
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Hence,
(1.19)

Gplih(u)] ~ +€Z>\ a0 S (e 3 (<1) By,
|B|>2 BcC

By 2.(2.1) and (1.11), v* + Gpt(v*) = Kpy*. By using (1.16) and
(1.19) and by comparing the coefficients at Ap, we get

(120) 2 + GD(@ZZ) = Ksz fori e C
and
(121) B + GD(BZB) = GDPB for ‘B‘ > 2.

By Theorem 3.1.1,
2= Kpf(z)
is a unique solution of the integral equation
2+ Gplz) = Kpf
and
@ =Ghp
is a unique solution of the equation
¢+ Gp(ly) = Gpp.
Therefore the equations (1.20) and (1.21) imply (1.7). O
1.4. Proof of Theorem 1.2. We have
(1.22) p”e—Yé\ = P”e—Yo H e MY~ P”e—Yo H(l - \iY5)
i€C i€C
Pue™ + % (~1)/PI\pFe Yy
BcC
where Yp = [[,c5 Yi and the sum is taken over nonempty B.

By 4.(1.1) and 3.(2.6), Vp(y2)(z) = Ny(1 — e~YZ) and therefore, by
3.(2.7),

(1.23)  Pue ¢ = exp—(Vp(yd), 1) —exp[—/ N (1 — ™) p(dx)).

D
By (1.6), Nye Y0Yp = 25 and, since N, (1 — e™¥0) = Vp(fy), we have
No(1—e8) = Ny[1 = e J] e Y]~ N [1 — e [J(1 = NiY3)]
icC icC
~ Vp(fo) — Z (—1)/P\pzp.
BcC
Hence,

(1.24) /D Na(1 — e )p(da) ~ (Vo (fo) ) = D (=) " Nsen, ).

BcC
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This implies

(1.25)
exp{— / (1— Y pu(de)}

= exp[—(Vb(fo), H exp[(—1) PN g (25, 1]
BCC

~ exp[—(Vp(fo, k)] ] [1+ (=1)""Ap(zm, m)]
BCC

~ exp[—(Vp(fo), s+ D (=1)"PIAg Y (zpyo ) - (23,0 )]

BCC PB(B)

According to (1.23), the left sides in (1.22) and (1.25) coincide. By compar-
ing the coefficients at Ap in the right sides, we get (1.8). O

2. Diagram description of moments

We deduce from Theorems 1.1 and 1.2 a description of moments in terms
of labelled directed graphs.

2.1. Put fo =1and ¢ = ¢'[Vp(1)] in formulae (1.6) and (1.7). Suppose

that C = {i1,...,4,}. The function zc(z) defined by (1.6) depends on

c ={fi,---, fi,} which we indicate by writing z(fc') instead of z¢. In this
notation (1.7) takes the form

(2.1) 2(fi) = i
22)  (fo)= D Y Az(fa)s-a(fe)} for|Cl>1.

2<r<|Cl B (C)

We consider monomials like {{y3¢2}¢1{paps}}. There exist one monomial
{¢19p2} of degree 2 and four distinguishable monomials of degree 3:

(2.3) {p1p203}, Herpatest, {papster ), {{papi oo}
It follows from (2.1) and (2.2) that, for C' = {i1,...,i,}, 2(fc) is equal to
the sum of all monomials of degree n of ¢;,,..., ;.

Formulae (1.6) and (1.8) imply

(2.4)  Npe BX0)(f XpY .. (fo, Xp) = 2(f1,..., fn)(x) forallzeD

and

(2.5)

Pue™ X0V (f1 X p) o (fr, Xp) = e VPN (f), ) - (2 (fe, ) 1)
PB(C)

where C' = {1,...,n}.
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1 2 3 1 2 2 3 3 1

FIGURE 1

2.2. A diagram D € D, is a rooted tree with the leaves marked by
1,2,...,n. To every monomial of degree n there corresponds D € I,,. Here
are the diagrams corresponding to the monomials (2.3):

Every diagram consists of a set V' of vertices (or sites) and a set A of
arrows. We write a : v — v’ if v is the beginning and v’ is the end of an arrow
a. We denote by a4 (v) the number of arrows which end at v and by a_(v)
the number of arrows which begin at v. Note that ay(v) = 0,a_(v) =1 for
the root and a4 (v) = 1,a_(v) = 0 for leaves.

We label each site v of D € D,, by a variable y,. We take y, = x for
the root v and y, = z; for the leaf i. We also label every arrow a : v — v’
by a kernel r,(yy, dy,). Here r, is one of two kernels corresponding to the
operators G% and K fé) by the formulae

G4 f(z) = /D oz, dy) f ()
and

Kb f(z) = / Ko (. dy) £ (3).

oD
More precisely, if a = v — v/, then r, = g%(yv, dy,) if v,v" are not leaves

and r, = k%(yv, dz;) if v’ is a leaf i. We associate with D € D,, a function
(2.6)

ZD(fla .- 7fn) - / H Ta(yvv dyv/) H Qa_(v)(yv) Hng(y'Uﬂ dzl)fz(zz)

a€A veV 1

where v; is the beginning of the arrow with the end at a leaf 7. 3
ExaMPLES. For the first diagram on Figure 1,

ZD(f17f27f3)

—/953(%dy)%(y)k%(%dzl)fl(zl)k%(%dz2)f2(z2)k%(y7dz3)f3(23)-

3We put go = 1 to serve leaves v for which a_ (v) = 0.
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For the second diagram,

2P(fi, for f3) = /gﬁ(xadyl)%(yl)k%(yhdz3)f3(23)

95 (Y1, dy2) a2 (y2) k5 (Y2, dz1) f1(21) kD (Y2, dz2) f2(22).
We note that

(2.7) Afr, o fa)= D ZP(f )

DeDy,
3. Absolute continuity results
3.1. In this section we prove:

THEOREM 3.1. Let D be a bounded domain of class C** and let v be
the surface area on OD. For every Borel subset B of (0D)",

(3.1) Nxe_<1’XD>/ Xp(dy1) ... Xp(dyy)
B

= /Bpx(yl, s yn)y(dyn) -y (dyn)

with a strictly positive p® .
For every u € M.(D),

(3.2) P,e XD / Xp(dyr) ... Xp(dyn)
B

—e‘<VD(1)’“>/Bp“(y1,---,yn)v(dyl)---v(dyn)

with a strictly positive pt.

Theorem 3.1 implies that the class of null sets for each of measures (0.2)
and (0.3) (we call them the moment measures) coincides with the class of null
sets for the measure y™. In other words, all these measures are equivalent.

THEOREM 3.2. Suppose A € F~p. Then either P,(A) =0 for all p €
Mc(D) or P,(A) >0 for all p € M.(D).

If A € Fpy, then either P,(A) =0 for all p € M (E) or P,(A) > 0 for
all pe M.(E).

3.2. Proof of Theorem 3.1. It is sufficient to prove that formulae

(3.1) and (3.2) hold for B = By x --- x B, where By,..., B, are Borel
subsets of 9D. If we demonstrate that

(33) 22(fireeos fu) = / PP y) Fr(5) - Faly)(dgn) - ()

with p? > 0 for f; = 1p,,..., fo = 1p,, then (3.1) and (3.2) will follow
from (2.4), (2.5) and (2.7). For a domain D of class C**, ki (z,dy) =
k5 (x, y)y(dy) where k% (z,y) is the Poisson kernel for Lu — fu. Since
k% (x,y) > 0, formula (2.6) implies (3.3). O
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To prove Theorem 3.2 we need some preparations.
3.3. Poisson random measure.

THEOREM 3.3. Suppose that R is a finite measure on a measurable space
(S, B). Then there exists a random measure (Y, Q) on S with the properties:
(a) Y(B1),...,Y(By,) are independent for disjoint B, ..., By;
(b) Y(B) is a Poisson random variable with the mean R(B), i.e.,
1

Q{Y(B)=n} = ER(B)”e_R(B) forn=0,1,2,....
For every function F' € B,
(3.4) Qe (FY) — expl— / (1— e FEOVR(dz)].
s

PRroOOF. Consider independent identically distributed random elements
Ziy..oyZn,y. .. of S with the probability distribution R(B) = R(B)/R(S).
Let N be the Poisson random variable with mean value R(S) independent
of Z1,...,Z,,.... Put Y(B) = 1B(Z1) + -+ 1B(ZN)' Note that ¥ =
0z, + -+ 0z, where 0, is the unit measure concentrated at z. Therefore
(F,Y) =N F(Z;) and (3.4) follows from the relation

o 1 m
Qe_<F’Y> — ) %R(S)me_R(S) 1:[ Qe_F(Zi).
m=

By taking F' = A1p we get
Qe ) — expl(1 - ¢ R(B)

which implies the property (b). If By, ..., B, are disjoint, then, by applying
(3.4) to F = >"1 \ilp,, we get

Qe LAY (Bi) = ¢~ Y(1—eM)R(B:) _ H Qe MY (Bi)
which implies (a). O

We conclude from (3.4) that (Y, Q) is an infinitely divisible random
measure. It is called the Poisson random measure with intensity R. This is
an integer-valued measure concentrated on a finite random set.

3.4. Poisson representation of infinitely divisible measures.

THEOREM 3.4. Let (X, P) be an infinitely divisible measure on a mea-
surable Luzin space E with the canonical measure R. Consider the Poisson
random measure (Y, Q) on S = M(E) with intensity R and put X(B) =
Sy v(B)Y (dv). The random measure (X, Q) has the same probability dis-
tribution as (X, P) and, for every F € By, we have
(3.5)

o0

PFR(X)=Q(F,Y)=>)_ %e_R(M) /R(dul) R(Avn)F(vy + -+ ).
0
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PrOOF. Note that (f, X) = (F,Y) where F(v) = (f,v). By (3.4), we
get

Qe_<f7X> — Qe_<F7Y> — exp |:_ / (1 — e_<f7y>)R(dV) .
M

This implies the first part of the theorem. The second part follows from the
expression Y (B) = 15(Z1) + - -+ 1p(Zn) for Y introduced in the proof of
Theorem 3.3. U

3.5. Proof of Theorem 3.2. 1°. By applying Theorem 3.4 to the
random measure (P,, Xp) and a function e~ F(v) we get

(3.6) Pue~ 1 ¥0)F(xXp)

_Z%ZD(M)/RZ(dm)...RZ(an)F(yl_|_..._|_Vn)
.

where
(3.7) Zp(p) = e MWD and R (dv) = e IR, (dv).
2°. Let F be a positive measurable function on M(9D) and let
My, .. x,) = /F(V1 A vp) Ry (dvr) . R (dvy).

We prove that, if D € D and p € /\/lc(f?), then F(Xp) =0 Py-a.s. if and
only if

(3.8) /f”(:):l, o xp)vpldey) . oyp(de,) =0 for all n.
Indeed, by the Markov property of X,
(3.9) P, X0)p(Xp) = PPy e~ X0 F(Xp).

By (3.6) and (3.9),
Pue_u’XD>F(XD)

(310 = %PMZD(XD) /XD(de“l) - Xp(dan) [ (@1, .o, ).
=0

Since Zp(Xp) > 0, the condition F(Xp) = 0 P,-a.s. is equivalent to the
condition: for every n,

(311) /XD(er’l) N XD(d:L’n)f”(xl, e .,.%'n) =0 P,L-a.s.

It follows from Theorem 3.1 that the condition (3.11) is equivalent to the
condition (3.8).

3°. Suppose p1 and pg belong to M(D). There exists D € D which
contains supports of p1 and pe. By 2°, F(Xp) = 0 P,,-a.s. if and only if
F(Xp) =0 P,,-a.s. If A € F5p, then by the Markov property of X,

Plti(A) = P/MF(XD)
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where F(v) = P,(A). This implies the first statement of Theorem 3.2.

If g1, g2 € M (E), then p1, s € M (D) for a domain of class C?* such
that D € E. If A € Fy, then A € F5p and the second part of Theorem 3.2
follows from the first one. O

4. Notes

4.1. The results of the first two sections are applicable to all (&,1))-
superprocesses described in Section 3.2.2, and the proofs do not need any
modification. The absolute continuity results can be extended to (,)-
superprocesses under an additional assumption that the Martin boundary
theory is applicable to £&. 4 The boundary OF and the Poisson kernel are
to be replaced by the Martin boundary and the Martin kernel. The role
of the surface area is played by the measure corresponding to the harmonic
function h = 1.

4.2. A diagram description of moments of higher order was given, first,
in [Dy88]. There only ¢ (u) = u? was considered. In [Dy91b] the moments of

order n were evaluated under the assumption that v of the form 3.(2.8) has
d™y
du™ *
of these results is given on pages 201-203 of [D]. ® The main recent progress
is the elimination of the assumption about differentiability of 1) which allows

to cover the case ¥(u) = u* 1< a < 2.

a bounded continuous derivative [See also [Dy04al.] Brief description

4.3. The first absolute continuity results for superprocesses were ob-
tained in [EP91]. Let (Xy, P,) be a (&,)-superprocess with ¢ (u) = u?/2.
To every pu € M(FE) there correspond measures p,' on E and measures Q)
on M(E) defined by the formulae

P(B) = / p(de)TL {6, € BY,
QQL(C) = P}L{Xt € C}

Let h > 0. Evans and Perkins proved that Q}" is absolutely continuous with
respect to Q47 for all £ > 0 if and only if p{"* is absolutely continuous with
respect to pffih for all £ > 0.

Independently, Mselati established an absolute continuity property for
the excursion measures N, of the Brownian snake: if C' belongs to the o-
algebra generated by the stochastic values of all subsolutions and superso-
lutions of the equation Au = u?, then, for every z1,z2 € E, N, (C) = 0

4The key condition — the existence of a Green’s function — is satisfied for L-diffusions
in a wide class of the so-called Greenian domains. The Martin boundary theory for such
domains can be found in Chapter 7 of [D].

SFigure 1.2 is borrowed from page 202 in [D]. We also corrected a few misprints in
formulae which could confuse a reader.[For instance the value of g, on pages 201-203
must be multiplied by (—1)™.]
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if N, (C) = 0. (See Proposition 2.3.5 in [Ms02a] or Proposition 2.18 in
[Ms04].)

A proof of Theorem 3.2 is given in [Dy04c]. The case of infinitely differ-
entiable 1) was considered earlier in [Dy04a], Theorem 6.2.



CHAPTER 6

Poisson capacities

A key part of the proof that all solutions of the equation Au = u® are
o-moderate is establishing bounds for wr and ur in terms of a capacity of
I". In the case a = 2, Mselati found such bounds by using Cap? introduced
by Le Gall. This kind of capacity is not applicable for a # 2. We replace
it by a family of Poisson capacities. In this chapter we establish relations
between these capacities which will be used in Chapters 8 and 9.

The Poisson capacities are a special case of (k, m)-capacities described
in Section 1.

1. Capacities associated with a pair (k, m)

1.1. Three definitions of (k, m)-capacities. Fix a > 1. Suppose
that k(z,y) is a positive lower semicontinuous function on the product E x E
of two separable locally compact metric spaces and m is a Radon measure on
E. A (k,m)-capacity is a Choquet capacity on E. We give three equivalent
definitions of this capacity.

Put
(1.1) (Kv)(z) = /E k(z, y)v(dy), Ev)= /E (Kv)*dm  for v € M(E)
and
(1.2 KW = [ mida)fa)kGe.y) for ] € B(E).
Define Cap(I") for subsets ' of E by one of the following three formulae:
(1.3) Cap(I') = sup{E(v) " : v € P(I)},
(1.4) Cap(T') = [sup{v(T") : v € M(T'),E(v) < 1}]%,
(1.5) Cap(T) = [inf{/Efa/dm . feB(E),Kf>1 onT}*!

where o/ = a/(a—1). We refer to [AH96], Chapter 2 for the proof that the
Cap(T") defined by (1.4) or by (1.5) satisfies the conditions 2.4.A, 2.4.B and

2.4.C and therefore all Borel subsets are capacitable. ! [The equivalence of
(1.4) and (1.5) is proved also in [D], Theorem 13.5.1.]

IIn [AH96] a wider class of kernels is considered. The result is stated for the case
E =R% but no specific property of R? is used in the proofs.

61
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To prove the equivalence of (1.3) and (1.4), we note that v € M(T') is
equal to ty where t = v(I') and u = v/t € P(T") and

sup {v(I):EW) <1} = sup sup{t:t°E(p) <1} = sup E(p)~ Y
veM(T) peP(T) t20 neP(T)

2. Poisson capacities

In this chapter we deal with a special type of (k, m)-capacities associated
with the Poisson kernel k = kg for an operator L. The function kg(z,y) is
continuous on E x E where E is a C**-domain in R% and F = 9E. We use
notation Cap for the Poisson capacity corresponding to

(2.1) m(dz) = p(z)dz with p(z) = d(x,0F)
and we denote by Cap, the Poisson capacity corresponding to
(2:2) m(dy) = ge(z,y)dy

where g is the Green function in E for L. [In the case of Cap,, £(v) has
to be replaced by

&) = [ gl phel)*dy = (Go(Kv))(a)
in formulae (1.3)—(1.4).]

2.1. Results. An upper bound of Cap(I") is given by:
THEOREM 2.1. For allT' € B(OE),

(2.3) Cap(T") < Cdiam(T")7*
where
(2.4) y=da—d—a—-1 and~y=~vVO0.

The second theorem establishes a lower bound for Cap,, in terms of Cap.
The values o < (d + 1)/(d — 1) are called subcritical and the values
a> (d+1)/(d—1) are called supercritical.

THEOREM 2.2. Suppose that L is an operator of divergence form 1.(4.2)
and d > 3. Put

(2.5) o(@,T) = pla)d(z, 1)~
If o is subcritical, then there exists a constant C' > 0 such that
(2.6) Cap,(T") > Cp(z,T)~! Cap(I).

for all T and x.
If « is supercritical, then, for every k > 0 there exists a constant Cy, > 0
such that

(2.7) Cap,(T') > Crp(z,T) ! Cap(I)
for all T' and x subject to the condition
(2.8) d(z,T") > kdiam(T").
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3. Upper bound for Cap(I)

To prove Theorem 2.1 we use the straightening of the boundary described
in Section 4.2 of the Introduction. As the first step, we consider a capacity
on the boundary Ey = {z = (z1,...,24) : xg = 0} of a half-space E; =
{z=(21,...,24) : zqg > 0} = R x (0, 00).

3.1. Capacity 6;1}). Put

r(z) = d(z, Ey) = 4,
(3.1) E={z=(z1,...,2q): 0 < x4 <1},
];‘(xvy) - ’I”({L‘)‘LIZ‘ - y‘_dvx cE,ye Ep
and consider a measure

(3.2) m(dx) = r(x)dx

on E. Denote by 6;1?) the (l%, m)-capacity on Fj.
Note that

k(z/t,y/t) =t k(z,y) for all t > 0.

To every v € P(Ey) there corresponds a measure v; € P(FEp) defined by the
formula 14(B) = v(tB). We have

fldy) = | fly/t)v(dy)
Eo Eo

for every function f € B(Ep). Put h, = Kv. Note that
(33) hua/)= | Maftldy) = [ Ko/toy/vidy) = by (o)

Ey Eo
Change of variables z = tZ and (3.3) yield

E(v) = t7E(v, tR)
where
Elv) = / he dim,  E(v, B) = / he dim
E B

for B € B(E4) and +y defined by (2.4).
If t > 1, then tE D E and we have

(3.4) E(v) > EW).
LEMMA 3.1. If diam(I") < 1, then
(3.5) Cap(T) < Cyg(diam(I))".

The constant Cq depends only on the dimension d. (It is equal to %(U)
where U = {z € Ey : |z| < 1}.
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PROOF. Since égi/p is translation invariant, we can assume that 0 € T'.
Let t = diam(T")~!. Since tI' C U, we have

(3.6) Gap(T) < Cap(U).
Since v — 1 is a 1-1 mapping from P(¢I') onto P(T"), we get

%(F): sup E(y) P = sup E(w)
v eP(T) veP(tT)

Therefore, by (3.4) and (1.3),
Cap(T') < t~"Cap(tT")
and (3.6) implies (3.5). O

3.2. Three lemmas.

LEMMA 3.2. _Suppose that E1, Eo, E3 are bounded domains, 1 and Eo
are smooth and Ey C E3. Then there exists a smooth domain D such that

(3.7) EiNEyCDCFE|NEs.

PRrROOF. The domain Dy = E1 N Ey is smooth outside L = dF; N JFs.
We get D by a finite number of small deformations of Dy near L. Let g € L
and let U be the e-neighborhood of ¢q. Consider coordinates (y1,v2, .- ., Yd)
in U and put y = (y1,...,Yd—1),7 = yq. If € is sufficiently small, then
the coordinate system can be chosen in which the intersections of F; with
U are described by the conditions r < f;(y) where fi, fa, f3 are smooth
functions. There exists an infinitely differentiable function a(r) such that
rA0<a(r)<rAeanda(r)=0forr>¢e/2. Put g = fo+a(fi — f2) and
replace the part of Dy in U by {(y,r): r < g(y)} without changing the part
outside U. Since g > fi1 A fa, we get a domain D which contains Dg. Since
g < fi AN(fa+¢), Dy is contained in Fj3 if € is sufficiently small. Finally,
the portion of D7 in U is smooth. After a finite number of deformations
of this kind we get a smooth domain which satisfies the condition (3.7). O

LEMMA 3.3. Suppose E CE, 0 € T' C OENEy and put A =E\ E,
By ={z €E:|z| <A}. If d(T', A) > 2\, then By C E and r(z) = p(x) for
T € B).

PROOF. If z € Bj, then r(z) < |z|] < X\. If z € By and y € A, then
|l —y| > |yl —|z] > X because |y| > d(y,I') > d(A,T) > 2X. Hence
d(x, A) > X\ which implies that By C E.

For v € E, p(x) = d(z, E°),r(x) = d(z, ES) and therefore p(x)
r(xz). Put 44 = OEN A, Ay = OEN Ey. For every z € E, d(z, A)
d(z,A),d(x,As) > r(z) and p(z) = d(z, A1) Ad(x, As) > d(z, A) A r(z

< A < d(z,A) and therefore p(z) > r(x). Hence

<
).

If + € By, then r(z)
p(z) = r(z).

O
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LEMMA 3.4. There exists a constant Cy > 0 such that
(3.8) E(n.By) > CLEW)
for allv € P(T') and for allT' > 0 such that diam(I") < \/2.

PRrROOF. If v € F)\ = E\B) and y € I, then |y| < diam(I") < A/2 < |z[/2
and therefore | —y| > |z| — |y| > |z|/2. This implies

hy (2) < r(a)2z| ™
and
(3.9) E(v, F)) < 2da/F ()|~ de = C} < oo,
A
On the other hand, if z € By,y € T, then |z —y| < [z + [y[ < 3A/2.
Therefore h,(x) > (3)\/2) "% (x) and
(3.10) E(v, By) > (3)/2)~ /B r(2)*Hdz = C > 0.
A
It follows from (3.9) and (3.10) that
CAE(v, By) 2 CLOY = CRE(v, Fr) = CX[E(v) — E(v, By)]

and (3.8) holds with Cy = CY/(C4 + CY). O

3.3. Straightening of the boundary.

PROPOSITION 3.1. Suppose that E is a bounded smooth domain. Then
there exist strictly positive constants €, a, b (depending only on E) such that,
for every x € OF:

(a) The boundary can be straightened in B(x,¢).

(b) The corresponding diffeomorphism 1), satisfies the conditions

(3.11) a™Hyr—yol < [¥u(y1) —vuly2)| < alyi—y2|  for all yr,y> € B(x,e);
(3.12)  a~!diam(A) < diam(¢,(A)) < adiam(A) for all A C B(x,e);
(3.13)

a Yd(Ay, Ag) < d(Yu(A1), e(A2)) < a d(A1, As)  for all Ay, Ay C Bz, ¢).
(3.14) b P < J.(y) <b forally € B(x,e)

where J;(y) is the Jacobian of 1, at y.
Diffeomorphisms 1, can be chosen to satisfy additional conditions

(3.15) Yo(x) =0 and Y, (B(x,e)) C E.

PrOOF. The boundary OF can be covered by a finite number of balls
B; = B(zi,e;) in which straightening diffeomorphisms are defined. The
function ¢(x) = max; d(x, Bf) is continuous and strictly positive on OF.
Therefore ¢ = %minm g(z) > 0. For every z € OF there exists B; which
contains the closure of B(x,e). We put

%(ZJ) = %Z(ZJ) for y € B(x,e).
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This is a diffeomorphism straightening OF in B(z,¢).

For every x, B(z,e) is contained in one of closed balls B; = {y :
d(y, BS) > €}. Since 1, belongs to the class C>*(B;), there exist constants
a; > 0 such that

a; My — ol < |u (y1) — ¥, (y2)| < aslyr — 2| for all yi,ys € B

The condition (3.11) holds for a« = maxa;. The conditions (3.12) and (3.13)
follow from (3.11). The Jacobian J,, does not vanish at any point y € B;
and we can assume that it is strictly positive. The condition (3.14) holds
because J, is continuous on the closure of B(z, ).

By replacing 1, (y) with ¢[1),(y) — ¥z(x)] with a suitable constant ¢, we
get diffeomorphisms subject to (3.15) in addition to (3.11)-(3.14). O

3.4. Proof of Theorem 2.1. 1°. If v < 0, then (2.3) holds because
Cap(I") < Cap(0F) = C. To prove (2.3) for v > 0, it is sufficient to prove
that, for some @ > 0, there is a constant C7 such that

Cap(I") < Cy diam(I")? if diam(T") < g.

Indeed,
Cap(I') < Cydiam(I")” if diam(T") > 3

with Cy = Cap(0E)F77.

2°. Let €,a be the constants defined in Proposition 3.1 and let 8 =
e/(2 + 8a®) A 1. Suppose that diam(I') < 3 and let z € I. Consider a
straightening ¢, of OF in B(z,¢) which satisfies conditions (3.15). Put
B = B(z,¢), B = B(x,¢/2). By Lemma 3.2, there exists a smooth domain
D such that BNE C D C BNE. Note that BNOE Cc D NJE C BN IE.
If Ay =0DNBNE, then d(z, A1) > ¢/2 and d(T', A1) > ¢/2 — diam(T") >
e/2 — 3. Denote by D' T’ A} the images of D,T', A; under v, and let
A" =E\D'. By (3.12), diam(I") < A\; = af and d(I", A") > Ay = (¢/2—03) /a.
Our choice of § implies that A\ < Ag/4. Put A = Ay + \o/4. Note that
A2 > 2X and Ay < A\/2. Since d(I", A") = d(T', A}), Lemmas 3.3 and 3.4 are
applicable to D', T, A" and A (which depends only on FE).

3°. By 2.(1.10) and (3.13), for every y € D,z € T,

> Cd(y,0D)ly — 2|~ > Cd(y', aD") |y — 2|
where ' = 1,(y), 2/ = ¥.(z). If V// is the image of v € P(T") under 1., then

[ fevtaz) = [ 5@

for every positive measurable function f. In particular,

(3.17) [ =)tz = [ = .
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By (3.16) and (3.17),

/ k(y, 2)w(dz) > Cd(y,oD') [ 1y — 2~/ (d2)).
T

F/
If y' € By, then, by Lemma 3.3, d(y/, D) = r(y’) and we have

(3.18)
(o) = [ el 2(d2) 2 C [ )l = 2| (d) = Ol il

If y € D, then, by (3.13), d(y,0F) > d(y,0D) > Cd(y',0D’) and there-
fore (1.1), (2.1) and (3.18) imply

(3.19) E(v) = /

d(y, OE)h,(y)*dy > / d(y, dD)h,(y)*dy
E D
>c / A(Waly), 0DV s (3)]“dy.
D
Note that
/ £y = / Flbe)) e () dy
D’ D

and, if f > 0, then, by (3.14),
£ < [ Floatw)ldy.
D’ D
By taking f(y/) = d(y', dD')h, (y)*, we get from (3.19)

Ev)>C d(y/, 8D’)il,,/ (y)*dy'.
D/
By Lemma 3.3, D" D B) and d(y’,0D’) = r(y’) on B). Hence
Ev)>C r(y)hy () dy' = CE(V, By).
B

By Lemma 3.4, we have £(v) > CE(¢) and by (1.3), Cap(T) < CC/BE)(F/).
The bound Cap(I') < Cdiam(I")? follows from Lemma 3.1, (3.12) and 1°.
U

4. Lower bound for Cap,
4.1. Put
§(z)=d(z,T), Ei={ze€E:0(x)<3p(x)/2}, Es=FE\E;

(4.1) E:(v,B) = /Bg(x,y)h,,(y)ady for BC E

and let
(42) Uy, ={y e E:|z—y| <i(z)/2}, Ve={y€E:|x—y|>dx)/2}.

First, we deduce Theorem 2.2 from the following three lemmas. Then
we prove these lemmas.
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LEMMA 4.1. For allT, allv € P(T') and all z € E,

(4.3) E(v, V) < Cop(z, T)E(v).
LEMMA 4.2. For all T, allv € P(T') and all xz € Eq,
(4.4) £,(1,Us) < Clolar, T)E(w).
LEMMA 4.3. For all T, allv € P(T') and all x € Es,
(45) Ex(0,Us) < Copl, T)o(x) (V)
where

0(z) = d(z,T")/ diam(T").
4.2. Proof of Theorem 2.2. By Lemmas 4.2 and 4.3, for every z € F
Ex(1,U) < Cipl, TIEW)(1V 0(x) )
and therefore, under the condition (2.8),
E:(1,U) < Ciplr, TIEW)(1V 5775).
This bound and Lemma 4.1 imply that
Ew) =& Uy) + E: (v, V) < Co(x, )EW)[2V (1 + k77H)]

and, by (1.3),
(4.6) Cap,(T') > Crp(z,T) ™ Cap(I)
where C,, = C71[2V (14 x77+)]7L. If a is subcritical, then v < 0, C,; does

not depend on k and (4.6) implies (2.6). If « is supercritical, then v > 0
and (2.7) holds under the condition (2.8). O

4.3. Proof of Lemma 4.1. By 2.(1.7),

£, V2) < Cpla) / p(v)]z — y| =, () dy.

Va

Since |z — y| > d(x)/2 for y € V,, this implies (4.3). O

4.4. Proof of Lemma 4.2. The function A, is harmonic in the ball

{y: |z —vyl|/p(x) <rfor 0 <r < 1. By the Harnack’s inequality,
1—r 147

4. ——hy <h(y) < ——hy

(47) Ty o) < hul) £ o)

(see, e.g. [GT98], p.29, Problem 2.6). If x € Fy,y € Uy, then |z —y| <
d(z)/2 < 3p(z)/4 and (4.7) holds with r = 3/4. Therefore, for all z €
Ei,y € Uy, Chhy(z) < hy(y) < Ch,(x) where C!; and C!] depend only on
d. This implies bounds

(48) E.(,Uy) < Clihy ()" / g5(z, y)dy

xT

(4.9) Ew) > / P () () dy > Clhy ()" / p(y)dy.

T
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By 2.(1.6),
(4.10)
d(x)/2
| sty < o) [ o=yl tiy = Cota) [ de < Colalota).

Fory € U,,x € E,
py) > p(z) — |z —y| > p(z) — d(x)/2 > p(z)/4
and therefore

(4.11) | owiy= g0 [ty = Capla)stay’

xT xT

Since §p < 3ppd?/2, bound (4.4) follows from (4.8)—(4.11). O

4.5. Proof of Lemma 4.3. By Theorem 2.1,
E(w)™! < Cap(I") < C diam(T)+.
Hence,
(4.12) diam(I") ™77+ < CE(v).

If x € Ey and y € Uy, then §(y) > d(x) — |z — y| > d(z)/2 and p(y) <
plx) + |z —y| < 20(x)/3+ 6(x)/2 = 76(x)/6. For all z € Ty € U,,
ly—z| > |z — 2| — |y — x| > §(z)/2 and, by 2.(1.10),

kp(y,2) < Cp(y)ly — 2|7 < Co(x)'
Therefore h, (y) < C§(x)'~? and, by 2.(1.6),

(4.13) &(v,Uy) < Cp(:):)d(:):)(l_d)a/ |z — |t~ dy < Co(x,T)6(z) 7.
If v <0, then 6(z)~7 < diam(E)~7 = C. If v > 0, then v = 4. Hence, the
bound (4.5) follows from (4.12) and (4.13). O

5. Notes

The capacity Cap defined by the formulae (1.3)—(1.5) with m defined by
(2.1) is related to a Poisson capacity CP, used in [D] by the equation

Cap(I") = CP,(I")“.

[The capacity CP,, is a particular case of the Martin capacity also considered
in [D]. The Martin kernel is a continuous function on E X E where E is a
domain on R? (not necessarily smooth) and E is the Martin boundary of E
for an L-diffusion.]

Let Cap” and Cap, be the Poisson capacities corresponding to an op-
erator L. It follows from 2.(1.10) that, for every L; and Lo, the ratio
Cap™ /CapL2 is bounded and therefore we can restrict ourselves by the
Poisson capacities corresponding to the Laplacian A.

The capacity CP, was introduced in [DK96b] as a tool for a study of
removable boundary singularities for solutions of the equation Lu = u®. It
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was proved that, if E/ is a bounded smooth domain, then a closed subset I"
of OF is a removable singularity if and only if CP,(I") = 0. First, this was
conjectured in [Dy94]. In the case o = 2, the conjecture was proved by Le
Gall [Le95] who used the capacity Cap?. Le Gall’s capacity Cap? has the
same class of null sets as CP,,.

An analog of formula (2.7) with Cap replaced by Cap? follows from
formula (3.34) in [Ms04] in the case L = A, =2,d > 4 and k = 4.

The results presented in Chapter 6 were published, first, in [DKO03].



CHAPTER 7
Basic inequality

In this chapter we consider two smooth domains D C F, the set
(0.1) D*={x € D:d(x,E\ D) > 0}

and measures v concentrated on dD N 0F. Our goal is to give a lower
bound of N,{Rg C D* Z, # 0} in terms of N,{Rg C D*,Z,} and &,(v).
This bound will play an important role in proving the equation ur = wr in
Chapter 8.

Preparations for proving the basic inequality include: (a) establishing
relations between Rr and Rp and between stochastic boundary values in
E and D; (b) expressing certain integrals with respect to the measures P,
and N, through the conditional diffusion IIY.

1. Main result

THEOREM 1.1. Suppose that D is a smooth open subset of a smooth
domain E. If v is a finite measure concentrated on 0D NOE and if £,(v) <
oo, then

(1.1)
N {Rg C D*, Z, # 0} > C(a)[N.{Rg C D*, 2, }]*/ @1, (v)~ /(o)

where C(a) = (. — 1) (a —1). 1
REMARK. By 3.3.4.C, the condition &,(v) < co implies that v belongs
to N and to NP.
2. Two propositions
2.1.

PROPOSITION 2.1. Suppose © € D, A is a Borel subset of 0D and A =
{RpNA=0}. We have P,A> 0 and for all Z', 7" € Z,,

(2.1) Ny{A, (2 —e 2"
= —2log Py{e %" | A} +log Po{e 2% | A} +1log P,{e 2?" | A}.

If 7' = Z" Py-a.s. on A and if P,{A,Z' < o0} > 0, then Z' = Z" N,-a.s.
on A.

Were T is Euler’s Gamma-function.

71
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PROOF. First, P, A > 0 because, by 3.(3.9), P, A = e *A(®) Next,
(e —e 2 =201-e? %) - (1-e2) - (1-e27).

Therefore (2.1) follows from 4.(3.28). The second part of the proposition is
an obvious implication of (2.1). O

2.2. Note that
(2.2) D*={xeD:d(xz,\)>0}
where A =90DNE.

PROPOSITION 2.2. Let D C E be two open sets. Then, for every x € D,
Xp and Xg coincide Py-a.s. and Ny-a.s. on the set A ={Rp C D*}.

PROOF. By the Markov property 3.2.1.D, for every Borel set B,
(2.3) P{A, e BB} = P LA Py e Xe(B)

Suppose x € D. Then Xp(D) =0 Pp-a.s. by 3.2.2.A, and Xp(ODNE) =0
P,-a.s. on A because X p is concentrated on Rp. Hence, P,-a.s., Xp(EF) =0
on A and, by 3.2.1.C,

(2.4) Px, e XeB) = o=Xp(B),
By (2.3) and (2.4)
(2:5) P{A e ¥FB)} = P {A, e Xp(B)},

Put Cl =0DnN 8E,C() =0F \ Cl. By 322A, Px{XD(C()) = 0} =1 and
(2.5) implies that Xg(Cp) = 0 Py-a.s. on A. On the other hand, if B C (Y,
then P,{Xp(B) < Xg(B)} =1 by 3.2.1.E and therefore Xp(B) = Xg(B)
P,-a.s. on A. We conclude that Xp = Xg P,-a.s. on A.

Now we apply Proposition 2.1 to Z/ = Xp(B), 2" = Xg(B) and A =
ODNE. Note that, by 3.2.2.B, P,Z' = Kp(z, B) < co. Therefore P,{A, Z'}
< oo and P,{A,Z" < oo} > 0. By Proposition 2.1, Z’ = Z” N,-a.s. on
A. O

3. Relations between superdiffusions and conditional diffusions
in two open sets

3.1. Now we consider two bounded smooth open sets D C E. We
denote by Z, the stochastic boundary value of h,(x) = [, kp(z,y)v(dy)
in D; IIY refers to the diffusion in D conditioned to exit at y € 0D.

THEOREM 3.1. Put A ={Rp C D*}. For everyx € D,

(3.1) Rg=Rp Pg-a.s. and Ng-a.s. onA
and
(3.2) Z,=12, Py-a.s. and Ng-a.s. on A

for all v € NE concentrated on 0D N OE.
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PROOF. 1°. First, we prove (3.1). Clearly, Rp C Rg P,-a.s. and N -a.s.
for all z € D. We get (3.1) if we show that, if O is an open subset of E,
then, for every x € D, Xpo = Xonp Pr-a.s. on A and, for every x € ON D,
Xo = Xonp Nz-a.s. on A. For x € O N D this follows from Proposition
2.2 applied to ON D C O because {Rp C D*} C {Ronp C (ON D)*}. For
rzeD \ 0, Px{XO = Xpro = (Sx} =1 by 3.2.1.C.

2°. Put
(3.3) D, ={xe€D:d(z,E\D)>1/m}.

To prove (3.2), it is sufficient to prove that it holds on A,, = {Rp C D},}
for all sufficiently large m. First we prove that, for all z € D,

(3.4) Z, =12, Pyas.on Ap,.

We get (3.4) by proving that both Z, and Z, coincide P,-a.s. on A, with

the stochastic boundary value Z* of h, in D.
Let

E,={x€ E:d(z,0F)>1/n}, D,={x€D:d(x,0D)>1/n}.
If n > m, then
.Am C .An C {RD C D;} C {RDn C D;}

We apply Proposition 2.2 to D,, C E,, and we get that, P,-a.s. on {Rp, C
D} > A, Xp, = Xg, for all n > m which implies Z* = Z,,.
3°. Now we prove that

(3.5) Z* =7, Pas. on Apy.

Consider h° = h, —h,, and Z° = Z* — Z,. By 3.1.1.C, if y € 9D N HE, then
(3.6) kp(z,y) =kp(z,y) + Waf{7p < 78, kE(Srp, ¥) }-

Therefore

(3.7) h0(z) = p{&, € 0D N E, hy(&r,)}-

This is a harmonic function in D. By 2.2.3.C, it vanishes on I',, = 0D N
D} =0ENDry,.

We claim that, for every ¢ > 0 and every m, h? < ¢ on L'y =0E,NDy,
for all sufficiently large n. [If this is not true, then there exists a sequence
n; — oo such that z,, € [y, and h0(2,,) > e. If 2 is limit point of z,,,
then z € ', and h%(z) > ¢.]

All measures Xp, are concentrated, Py-a.s., on Rp. Therefore A,,
implies that they are concentrated, P,-a.s., on Dy,. Since I'y, , C Dy}, we
conclude that, for all sufficiently large n, (h°, Xp, ) < (1, Xp,) Py-a.s. on
A, This implies (3.5).

4°. If v € M(OF) and Z, = SBV(h,), then, by 3.3.6.A and Remark
4.3.1,

(3.8) NuZy, = PyZ, < hy(z) < 0.
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Note that P,.A > 0. It follows from (3.8) that Z, < co P,-a.s. and therefore
P.{A, Z, < oo} > 0. By Proposition 2.1, (3.2) follows from (3.4) .
O

4. Equations connecting P, and N, with II’,

4.1.

THEOREM 4.1. Let Z, = SBV(h,), Z, = SBV(u) where v € N and
u€eU(E). Then

(4.1) Py Z,e % = em @m0
and
(4.2) N, Z,e % = IT4e~*®
where

TE
(4.3) o) = [ lutéde

PROOF. Formula (4.1) follows from [D], Theorem 9.3.1. To prove (4.2),
we observe that, for every A > 0, hy, +u € U~ by 2.3.D, and therefore

(4.4) N, (1 - e_’\Z”_Z“) = —log Pxe_’\Z”_Z“
by Theorem 4.3.2. By taking the derivatives with respect to A at A = 0, 2
we get
N, Z, e %" = P,Z,e %" | Ppe™ %",
By 3.(3.4), Pye= %+ = ¢~"®) and therefore (4.2) follows from (4.1). O
THEOREM 4.2. Suppose that D C E are bounded smooth open sets and

A=0DNE. Letv be a finite measure on DN OE, x € E and E,(v) < oc.
Put

wp(z) = Na{Rp N A # 0},
vs(z) = wp(z) + Ne{RpNA = 0,1 — e %%}

for x € D and let wa(x) = vs(z) =0 for x € E\ D. For every x € E, we
have

(4.6) No{REg C D*, Z,} = II’{A, e~ (W)},

(4.5)

(47) Naf;{RE C D*, ZV # 0} g / H;{A’ e—q>('l}s)}ds
0

where ® is defined by (4.3) and
(4.8) A:{TE:TD}:{&ED fOT‘allt<TE}.

2The differentiation under the integral signs is justified by 4.(3.8). [In the setting of
a Brownian snake formula (4.2) can be found in [Ms04] (see Proposition 2.31).]
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PrROOF. 1°. If z € E'\ D, then, N -a.s., Rg is not a subset D*. Indeed,
RE contains supports of X for all neighborhoods O of x and therefore
x € Rg P-a.s. Hence, N,{Rg C D*} = 0. On the other hand, IT¥(A) = 0.
Therefore (4.6) and (4.7) hold independently of values of wy and v;.

2°. Now we assume that x € D. Put A= {Rp C D*}. We claim that

A={Rg C D"} N,-as.
Indeed, {Rg € D*} C A because Rp C Rg. By Theorem 3.1, N,-a.s.,
A C{Rp=TRg} and therefore A C {Rp C D*}.
By Theorem 3.1, Rp = Rg and Z, = Z, Ny-a.s. on A. Therefore

Nx{RE C D*’ ZV} - Nm{A? ZV} = Nﬂf{Av Zu}a
NoARE C D*, Zye %} = No{A, Zye %"} = No{A, Z,e %),

By Theorem 4.3.4, vy = wp @ ugy. Let Zp, Z° and Zs, be the stochastic
boundary values in D of wp,vs and ug,. By 3.3.5.A, Zp = 00 - 14 and
therefore

(4.9)

(4.10) e N =14.

By 3.3.3.B, Z° = Z\ + Z,. Hence,

(4.11) e=Z" =1 46752

By (4.9), (4.10) and (4.11),

(4.12) N{A, Z,} = N {142Z,} = No{Z,e %}
and

(413)  NofA Zye 7} = No{laZye 7} = No{Ze 7).

By applying formula (4.2) to Z, and the restriction of wy to D, we conclude
from (4.12) that

(4.14) No{A, Z,} = T exp [ - /0 W wa(E)]ds]
and, by 3.(1.16),
(4.15) N{A, Z,} = TIZ{A4, e~ 2w},

Analogously, by applying (4.2) to Z, and the restriction of v, to D, we get
from (4.13) and 3.(1.16) that

(4.16) N {A, Z,e 5%} = IIV{A, e P},

Formula (4.6) follows from (4.15) and formula (4.7) follows from (4.16)
because

(4.17) Na{A, Z, # 0} = lim No{A, 1 - ety
and

t
(4.18) 1 — et _/ Z, e ds.
0
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5. Proof of Theorem 1.1
We use the following two elementary inequalities:

5A. Foralla,b>0and 0 < 8 < 1,
(5.1) (a+0)% < a’ +0°.

PRrROOF. Tt is sufficient to prove (5.1) for a = 1. Put f(t) = (1+1)% —¢°.
Note that f(0) =1 and f'(¢t) <0 for t > 0. Hence f(t) <1 fort > 0. O

5.B. For every finite measure M, every positive measurable function Y
and every 8 > 0,
MY =P > M) (Mmy) =P,

Indeed f(y) = y~? is a convex function on Ry, and we get 5.B by
applying Jensen’s inequality to the probability measure M/M(1).

PROOF OF THEOREM 1.1. 1°. If x € E'\ D, then, N -a.s., Rg is not a
subset D* (see proof of Theorem 4.2). Hence, both parts of (1.1) vanish.

2°. Suppose = € D. Since v € N, it follows from Theorem 4.3.4 that
Nz (1 — e7%%v) = ug,(x). Thus (4.5) implies vs < wp + ug,. Therefore, by
5.A, v&1 < wﬁ_l +u% ! and, since ug, < hgy = shy, ®(vs) < ®(wp) +
s Ld(hy,).

Put A= {Rg C D*}. It follows from (4.7) that

(5'2) Nx{A, 7, 7& 0} > H;{A,/ e_q>(wA)_Sa_1¢'(h”)d8}.
0
Note that [~ e~ ds = Ca='/P where C = I e=""dt. Therefore (5.2)
implies
(5.3)  N{A, Z, #0} > CII%{A, e *@n(p,) V(=Y = oM (Y F)

where § = 1/(a —1),Y = ®(h,) and M is the measure with the density
14e~®®n) with respect to II%. We get from (5.3) and 5.B, that

N.{A, Z, #0} > M) P (Mmy)=F
= C[II%{A, e~/ (e=D[r {4, e~ ®@A) §(p, )}~/ (@D,
By (4.6), IIY{A, e~ *n)} = N, {Rp C D*, Z,} and since
IE{A, e (hy)} < 1170 (hy),
we have
(5.4) Ny{A, Z, #0} > C[N,{Rg C D*, Z,}]*/ @~ D[%®(h, )]~/ (@1,
3°. By 3.1.3.A, for every f € B(E) and every h € H(E),

h TE B o0 h B o0
G /0 f(&)dt = /0 Tt < . f(6)}dt = /0 I {t < 7, f(€)h(E) ).



6. NOTES 77

By taking f = ah®~! and h = h, we get

(5.5) I ®(h,) = a&y(v).
Formula (1.1) follows from (5.4) and (5.5). O
6. Notes

The role of the basic inequality (1.1) in the investigation of the equation
Lu = u® is similar to the role of the formula (3.31) in Mselati’s paper [Ms04].
In our notation, his formula can be written as

(6.1)  NARpNA=0,7Z,#0} > [NARpNA=0,72}N(22)]"

which follows at once from the Cauchy-Schwarz inequality. A natural idea
to write an analog of (6.1) by using the Holder inequality does not work
because N, (Z%) = oc.

Theorem 1.1 was proved, first in [Dy04e].






CHAPTER 8

Solutions wr are o-moderate

In this chapter we consider the equation
Au=u% 1<a<?2

in a bounded domain E of class C* in R? with d > 4. We prove a series of
theorems leading to the equation wr = ur for every Borel subset I' of 0D.
(Recall that ur and wr are defined in Chapter 1 by (1.4), (1.5) and (1.6).)

1. Plan of the chapter
For every closed subset K of OF we put
E.(K)={z € E:d(z,K) > rdiam(K)},
(1.1) p(z, K) =p(x)d(z, K) ™,
By(z,K)={z: |z — z| <nd(z,K)}
where p(z) = d(xz,0F). We prove:

THEOREM 1.1. For every k > 0 there exists a constant C;, such that, for
every closed K C OFE and every x € E.(K),

(1.2) wic(w) < Culip(w, K)* Cap, (K)]// V.

THEOREM 1.2. There exist constants C, > 0 and n, such that, for
every closed subset K of OFE and for all v € E(K), v € P(K), subject to
the condition &,(v) < oo, we have

(1.3) N {Rp C By, (2, K), Z,} > Crplz, K).

THEOREM 1.3. There ezist constants Cy, > 0 and n(k) with the property:
for every closed K C OF and for every x € E,(K),

(14)  N{Rp C Bongu) (@, K), Z, # 0} > Cy[ip(w, K)* Cap, (K)] /7Y
for some v € P(K) such that £,(v) < oo.

THEOREM 1.4. There exist constants Cy, and n(k) such that, for ev-
ery closed K C OF and every x € E.(K), there is a v € P(K) with the
properties: E,(v) < co and

(1.5) ’U)K({l?) < CKN;U{RE - Bgn(n)({lf, K), Z, 7& 0}.

79
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THEOREM 1.5. There exists a constant C with the following property:
for every closed K C OFE and every x € E there is a measure v € M(K)
such that £;(v) < oo and

(L6) wic(x) < CN4{Z, #0}.

THEOREM 1.6. For every closed K C OF, wg is o-moderate and wg =
UK.

THEOREM 1.7. For every Borel subset I' of OF, wr = ur.

Theorem 1.1 follows immediately from Theorem 6.2.2 and Kuznetsov’s
bound

(1.7) wi(z) < Co(z, K) Cap(K)Y/ (=D

proved in [Ku04].

In Section 2 we establish some properties of conditional Brownian motion
which we use in Section 3 to prove Theorem 1.2. By using Theorem 1.2 and
the basic inequality (Theorem 7.1.1), we prove Theorem 1.3. Theorem 1.4
follows at once from Theorems 1.1 and 1.3. In Section 5 we deduce Theorem
1.5 from Theorem 1.4. In Section 6 we get Theorem 1.6 from Theorem 1.5
and we deduce Theorem 1.7 from Theorem 1.6.

2. Three lemmas on the conditional Brownian motion
LEMMA 2.1. Ifd > 2, then
(2.1) Y7g < Clz —y|* forallxze E,ycdE.

PrOOF. We have
fv{t < 7} = / b, 2)dz
E

where p;(x, z) is the transition density of the conditional diffusion (&, I1%).
Therefore

ﬂgm—ﬂg/ 1t<TEdt_/ dt/ﬁt(:r,z)dZ—/dZ/ pi(x, 2)dt.
0 0 E E 0

Since ﬁt(xv Z) = pt(xv Z)k‘E(Z, y)/kE(xv y)a we have

(2.2) Y7y = kE(a:,y)_l/ dzgp(z, 2)ke(z,v).
E

We use estimates 2.(1.6) for gg and 2.(1.10) for kg. Since p(z) < |z —y| for
z € E,y € K, it follows from (2.2) that

(2.3) Y7 < Clz — y|oT

where

I= / |z — 2| 7%z —y| " dz
lz—y|<R



2. THREE LEMMAS ON THE CONDITIONAL BROWNIAN MOTION 81

with R = diam(FE),a=b=d—1. Sinced—a—-b=2—-d <0 for d > 2,
I < Clz —y|>~? [See, e.g., [La77], formula 1.1.3.] Therefore (2.1) follows
from (2.3). O

The following lemma is proved in the Appendix A.

LEMMA 2.2. For every xz € E,

(2.4) Hx{ts<up & — x| = r} < Cp(z)/r.

We need also the following lemma.

LEMMA 2.3. Letr = nd where 6 = d(z, K) and let 7" = inf{t : |{; — x| >
r}. There exist constants Cy, and sy, such that
(2.5)
{1 < 15} < Cu(n—s.)"¢ forallz € Eo(K),y€ K and alln > s,.

PRrROOF. It follows from (2.4) that
(2.6) IL{r" <1} < Cp(z)/r.
Put n, = &+. By 3.1.3.B applied to h(z) = kg(z,y) and 7 = 7",

(2.7) Y{r" < g} = kp(z,y) "ML{7" < 18, ke(n v)}-
By 2.(1.10),
(2.8) kp (e y) < Co(ne)|ne —y| =%

Ifye K,z € E,(K), then

(2.9) |z —y| < d(x, K) + diam(K) < s,0

where s, = 1+ 1/k. Therefore

(2.10) e —yl = | — 2| =z —y[=r—|z—y[ =1 — s
We also have

(2.11) p(nr) < d(ne, K) < [0, — 2| + d(z, K) =7+ 6.
If n > s, then, by (2.8), (2.10) and (2.11),

(2.12) ke, y) < C(r+68)(r — 5:8) 7.

By 2.(1.10) and (2.9),

(2.13) ke (z,y) > C'p(x)(sx0) %

Formula (2.5) follows from (2.7), (2.12), (2.13) and (2.6). O
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3. Proof of Theorem 1.2

1°. Put By, = By (z, K),Uy, = B, N E. By Lemma 6.3.2, there exists
a smooth domain D such that Us,, C D C Us,,. By Theorem 7.4.2,

(3.1) NARgpC D*,Z,} = I/

where

(3.2) IV =TIV {A(D), e~ ®(wa)y

with

(3.3) A(D)={mp =78}, wa(x)=Ny{RpnNA+#D0D}.
Note that

(3.4 1= [ ket piz)

where

17 = T A(D), ()},
Clearly, A(U,,) C A(D) and therefore
1Y > T {A(U), e},

Since e7t > e~ <y for t > 0, we get

(3.5) 1Y > e 'MY{A(U), ®(wp) < 1} = e ' (1 - JY — LY)
where

(3.6) JY = TY{A(Up), ®(wa) > 1}, LY = T[A(Un)°].

2°. The next step is to obtain upper bounds for JZ and L¥.
We claim that

(3.7) wa(z) < Cyd(z, 8B2m)_2/(a_1) for z € Usyy,.
Indeed, the function
uw(z) =N {RNB;,, #0} =—log P.{R C Bap}
belongs to U(Bay,) and, by 2.2.2.G,
u(z) < Cd(z, 8B2m)_2/(a_1) for z € By,,.

This implies (3.7) because Rp C R and A C B§,, and, consequently, wp <
u.
Note that

(3.8) JY < T{A(Up), @(wa)}-

If z € Uy, then d(z, BS,,) > md(z, K) and, by (3.7),
wp(z) < Clmd(z, K)]~2/(@=1

. This implies

(3.9) ®(wy) < Clmd(z, K)| rg.



4. PROOF OF THEOREM 1.3 83

By Lemma 2.1 and (2.9),

(3.10) Tl¥7p < Clz —y|? < C(1 4+ 1/k)%d(z, K)? fory € K,z € E.(K).
It follows from (3.8), (3.9) and (3.10) that

(3.11) JV<Cem™ foryc K,z € Ey(K)

with C,, = C(1 + 1/k)2.
3°. We have A(Up,)¢ = {rv,, < 75} = {7" < 7} where r = mé and
7" =1inf{t: |§& — x| > r}. By (3.6) and Lemma 2.3,
(3.12)
LY =T1{7, <75} < Cu(m —s,)"¢ forallyc K,z € E(K),m> s,.

4°. By (3.5), (3.11) and (3.12),
(3.13) IY>Cyp forallye K,z € E (K),m> s

where
Crom = 6_1[1 —Cm™2— C(m — sn)_d].
5°. Note that By, D Bz, O D D D* and, by (3.1),

(3.14) N.{REg C Bym, Z,} > I..
By 2.(1.10) and (2.9),
(3.15) kp(z,y) > Cls dp(x, K) forallz € E(K),y<€ K.

By (3.14), (3.4), (3.13)and (3.15),

Ne{RE C Biym, Zy} > Cp (2, K) for all z € Ex(K),m > s,
where CJ.,, = C7's;9C, . Note that CJ,, — Cl/e as m — oo with
C! = C~1s;?. Therefore there exists m, such that

1
Nz{RE C Bam,, Z} > gC;go(:):, K) forall z € Ex(K).

This implies (1.3) with n, = 4m. O

4. Proof of Theorem 1.3

The relation (1.4) is trivial in the case Cap,(K) = 0. Suppose Cap, (K)
> 0. It follows from 6.(1.3) that, for some v € P(K),

(4.1) Sx(y)_l > Cap,(K)/2.

For this v, £,(v) < 2 Cap,(K)™! < c0.

We use notation B,,, U, introduced in the proof of Theorem 1.2. Sup-
pose that (1.3) holds for n, and Cy and consider a smooth open set D such
that Usy,,, C D C Uyy,,. By the basic inequality 7.(1.1),

(4.2)
N.{Rg C D*,Z, # 0} > C(a)N,{Rp C D*, Z,}*/(@= Vg, (vy)~1/(e=D
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if v is concentrated on OENAD and if £,(v) < co. Therefore, by (4.1), there
exists v supported by K such that &,(r) < co and
(4.3)

N.{Rp C D*,Z, # 0} > C(a)N.{Rg C D*, Z,}*/*~Y) Cap, (K)"/ (D).
We have D* C Byp, (cf. part 5° in the proof of Theorem 1.2). Note that
B,. N E C D* and therefore, if Rg C B,,, then R C D*. Thus (4.3)
implies

(4.4)

NeARE C Bin,, Zy # 0} > C()No{Rp C By, 2,V Cap, (K)"/ (=Y.
The bound (1.4) with n(k) = 4n, follows from (4.4) and (1.3). O
5. Proof of Theorem 1.5

Put

Vin = Bam (z, K),
Ki=KnVi={z€ K:|r— 2z <2d(z,K)},
Kp=KN Vi \Vin1) ={z€ K:2" Y(z, K) < |z — 2| <2™d(z, K)}
for m > 1.

Note that

diam(K,,) < diam(V,,) = 2™ d(x, K)
and )

d(z, K,,) > d(z, V1) = 2™ Yd(z, K) > 5 diam (K o)

and therefore z € E.(K,,) with K = 1/4. By Theorem 1.4 applied to K,,,
there is v, € P(K,,) with the properties: &,(vy,) < oo and
(5.1) ’U)Km({l?) < CKN;U{RE C Bgn(n)({lf, Km), Zym 7& 0}.
We have d(z, K,,) < d(z,0V,,) = 2™d(z, K) and therefore, if 2P > 2n(k),
then for every positive integer m,

B2n(n) ({lf, Km) C Bap+m (.CI?, K) - V}H—m'

By (5.1),

(5.2) w,, (2) < CeNg(Qum)

where

(5.3) Qm ={REe C Vptm, Z,,, #0}.

We claim that

(5.4) Ne(QmNQpy) =0 form' >m+p+ 1.

First, we note that K,, C 0V, and therefore K, N V;,4, = 0 because
K, NV, = 0. Next, we observe that

Qm N Qm/ C {RE - VZp—l—ma Zym/ 7£ 0} C {RE N Ky = ®7 Zum/ 7£ 0}

Since v, is concentrated on K/, (5.4) follows from 4.(3.30).
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If K, =0, then v,,, = 0 satisfies (5.2). There exist only a finite number
of m for which K, is not empty. Therefore

o
V:E Vi,
1

is a finite measure concentrated on K and &;(v) < > & (vm) < 0.
By 4.(3.19),

1

’U)K({L‘) = Nx{RE NK # @}

and therefore
wi(z) < iNx{RE NEKp, #0) = inm(:L’).
1 1
By (5.2), this implies
(5.5) wg(z) < Gy i Nz (Qm)-
m=1

Every integer m > 1 has a unique representation m = n(p + 1) + j where
j=1,...,p4+ 1 and therefore

p+1 oo

(5.6) wi(z) < Cy Z ZNx(Qn(p+1)+j)-

7=1n=0

It follows from (5.4) that No{Qp(pt1)+; V@ (p+1)+} = 0 for n’ > n. There-
fore, for every j,

(5.7) ZNx{Qn(pH)_H‘} =Ny { U Qn(p+1)+j}
n=0 n=0

<N { ZVn(p+1)+j 7& 0}} < NC"’{ZV 7& 0}

n=0
because
ZZVn(p+1)+j < Z Ly = Zy-
n=0 m=1
The bound (1.6) (with C' = (p+ 1)C}) follows from (5.6) and (5.7). O

6. Proof of Theorems 1.6 and 1.7

6.1. Proof of Theorem 1.6. By Theorem 1.5, for every x € E, there
exists v = v, € M(K) such that &,(v,) < oo and

(6.1) wic(z) < ONL{Zy, #0}.

Measures vy, and v depend on K and .
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Consider a countable set A everywhere dense in F and put

=Y

€A
By 2.2.3.E, the condition &,(v;) < oo implies that v, € NE. By the
definition of N, this class contains y and = oo - p. Since 1 does not
charge OE \ K, u, =0 on 0FE \ K by 2.2.4.C and

by 1.(1.5). By (6.1) and 4.(3.32),
(6.3) wk(x) <CNy{Z, #0} <CNy{Z,#0} =Cuy(xz) forxzeA.

Since wg and u, are continuous, (6.3) holds for all z € E and therefore
Zy < CZy,. Since Cn = n for all C > 0, we have CZ,, = Z¢y = Z,. Hence
Zyy < Zyp. By 3.(3.4), this implies wg < u, and, by (6.2), wg = u,. We
conclude that wg is o-moderate.

By 1.(1.4)-(1.5), up < ug < wg. Hence ug = wg. O

6.2. Proof of Theorem 1.7. If K is a compact subset of a Borel set
I", then, by Theorem 1.6,
W = ug < Ur.
By 1.(1.6), this implies wr < up.
On the other hand, if v is concentrated on I, then, by 2.2.5.B, u,, < wr
and, by 1(14), ur S wr.

7. Notes

The general plan of this chapter is close to the plan of Chapter 3 of
Mselati’s thesis. To implement this plan in the case of equation Au =
u® with a # 2 we need the enhancements of the superdiffusion theory in
Chapters 4, 5, 6 and 7. Some of Mselati’s arguments are used with very little
modification. In particular, our proof of Theorem 1.2 is close to his proof
of Lemma 3.2.2 and the proof of Theorem 1.5 is based on the construction
presented on pages 94-95 in [Ms02a] and pages 81-82 in [Ms04].

Kuznetsov’s upper bound for wg is a generalization of the bound ob-
tained by Mselati for o« = 2 in Chapter 3 of [Ms02a).

We left aside the case d = 3. 2 Tt can be covered on the price of a
complication of the formulae. Mselati has done this for &« = 2 and his
arguments can be adjusted to a < 2.

In [MV04] Marcus and Véron proved that wx = ug in the case of a
domain E of class C? and the equation Au = u® for all & > 1 (not only for
l<a<?2). 3 To this end they establish upper and lower capacitary bounds
for wg but they use not the Poisson capacity but the Bessel capacity Cy /4 o

2t is well-known that for d < 3 all solutions are o-moderate and therefore we do not
need to consider these dimensions.
3The result was announced in [MV03].
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on OF [which also belongs to the class of capacities defined in Section 1 of
Chapter 6.] The relations between this capacity and the Poisson capacity
proved in the Appendix B imply that the capacitary bounds in [MV04] are
equivalent to the bounds used in the present book.

The paper [MV04] contains also results on asymptotic behavior of wx
at points of K.






CHAPTER 9

All solutions are o-moderate

To complete the program described in the Introduction (see Section 1.2)
it remains to prove that, if Tr(u) = (I, v), then v < wr @ u,. To get this
result, it is sufficient to prove:

A. Our statement is true for a domain FE if, for every y € JF, there
exists a domain D C E for which it is true such that 0D N OE contains a
neighborhood of y in OF.

B. The statement is true for star domains.
[A domain F is called a star domain relative to a point c if, for every
x € E, the line segment [c, z] connecting ¢ and z is contained in E.]
1. Plan
Our goal is to prove:
THEOREM 1.1. Ifw is a positive solution of the equation
(1.1) Au=u* inE

where 1 < a < 2 and E is a bounded domain of class C* and if Tr(u) =
(T',v), then

(1.2) u < wr O uy.
Recall that, by 1.1.5.B,

(1.3) ur © u, < u
and, by Theorem 8.1.7,
(1.4) wr = ur.

Thus it follows from Theorem 1.1 that
(1.5) u=ur ®u, = wr Uy

and u is o-moderate because so are ur and u,.
Denote by & the class of domains for which Theorem 1.1 is true and by
€, the class of domains with the property:

LA. If Tr(u) = (A,v),ACT COF and v(OE\T) =0, then u < wr.

ProroOSITION 1.1.
¢ C ¢

89
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PROOF. Suppose that E € ¢; and Tr(u) = (I',v). By the definition
of the trace, u, < u (see 1.(1.7)). We will prove (1.2) by applying 1.A to
V=UO Uy.

Let Tr(v) = (A, p). Clearly, A C T'. If we show that u(0F \T') = 0, then
1.A will imply that v < wr and therefore v ® u, < wr ® u,. By Lemma
3.3.1,vPu, =u.

It remains to prove that u(OE \ T') = 0. By the definition of the trace,

(1.6) wOE\T) =sup{A\(OE\T) : A € NF¥, A(T) = 0, uy < v}.

Since v(I') = 0 and v € N, the conditions A € NF, A\(T) = 0 imply
A+v)T) =0, A\+v € M. By Lemma 3.3.2, uxy, = uy ® u, and,
Unty < V@ u, = u because uy < v. By 1.(1.7), A\+v < v. Hence A = 0 and
w(OE\T) =0 by (1.6). O

1.1. In Section 2 we prove the following Localization theorem:

THEOREM 1.2. E belongs to €1 if , for every y € OF, there exists a
domain D € &1 such that D C E and 0D NOFE contains a neighborhood of
y in OF.

Theorem 1.1 follows from Proposition 1.1, Theorem 1.2 and the following
theorem which will be proved in Section 3:

THEOREM 1.3. The class &1 contains all star domains.

2. Proof of Localization theorem

2.1. Preparations. Suppose that D is a smooth subdomain of a boun-
ded smooth domain E. Put L = {x € 0D : d(z, E\ D) > 0}.
We need the following lemmas.

LEMMA 2.1. If a measure v € NP is concentrated on L, then v € NE.

PROOF. For every z € D, P,{Rg D Rp} = 1 and therefore K C L is
R p-polar if it is Rg-polar. If n € NP, then n(K) = 0 for all Rp-polar K.
Hence n(K) = 0 for all Rg-polar K C L. Since 7 is concentrated on L, it
vanishes on all R g-polar K and it belongs to N by Theorem 3.3.5. O

It follows from Lemma 2.1 that a moderate solution u, in E and a
moderate solution @, in D correspond to every n € N{ concentrated on L.

LEMMA 2.2. Suppose that a measure n € NlD 18 concentrated on a closed
subset K of L. Let u, be the mazimal element of U(E) dominated by

(2.1) () = /K k(e y)n(dy)

and let @, be the maximal element of U(D) dominated by

(22) () = /K (e, y)i(dy).
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Then, for everyy € L,
(2.3) lim [uy,(x) — Gy,(x)] = 0.

r—y

Proor. It follows from 3.1.1.C that

(2.4) b (@) = Ty () + WLy <o i () -

This implies h,, > iln and

(2.5) ho(z) — hy(z) = 0 asx —y.

The equation (2.3) will be proved if we show that

(2.6) 0 <y — iy < hy —hyy in D.
Note that

(2.7) uy + Gguy =hy in E,

(2.8) iy + Gpiy =hy in D

and

(2.9) uy + Gpuy =h' in D

where A’ is the minimal harmonic majorant of u, in D. Hence

(2.10) Uy — Uy = hy — hy — Gpuy + Gpt,  in D.
By (2.7), Ggu; < hy and therefore, by 3.1.1.A and the strong Markov
property of &,

(211) (GE - GD)’U,%(Q?) =11, /TE un(fs)a ds

TD

= Lyl ery Gt (6ry) < Tolrpcrphy(&,)  in D.
It follows from (2.4) and (2.11) that

(2.12) hy(x) = hy(x) > (Gp — Gp)uf(x) in D.
On the other hand, by (2.7) and (2.9),
(213) (GE - GD)’U,% = h77 - h/ inD.

By (2.12) and (2.13), h,, < 1/ in D. This implies @, < u, in D and Gpa® <
y n n n ]
Gpuy < Gguy. Formula (2.6) follows from (2.10). O

LEMMA 2.3. Suppose that v’ is the restriction of u € U(E) to D and let
(214) Tr(u) = (Av v), Tr(u') = (Alv V/)
We have
(2.15) AN =ANL.

IfT' DA and v(OE\T) =0, then v (LNT*) = 0.
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PROOF. 1°. If y € D NE, then, [T¥-a.s., v/(£) is bounded on [0, 7p)and
therefore ®(u') < co. Hence, A’ C L.

By Corollary 3.1.1 to Lemma 3.1.2,
(2.16)

MY{®(u') < oo} = I¥{®(v') < 00, 7p = T} = ¥{®(u) < 00, 7p = TR}
for all z € D,y € L. Therefore ANL C A’. If y € A, then IT4{®(v/) <
oo} = 0 and, since y € L, I%{rp # 76} = 0 for all z € D. By (2.16),
Y{®(u) < 0o} = 0. Therefore A’ C AN L which implies (2.15).

2°. Denote by K the class of compact subsets of L such that the restric-
tion of v/ to K belongs to NlD . To prove the second statement of the lemma,
it is sufficient to prove that the condition

(2.17) K € K, n <1 and 7 is concentrated on K

implies that n(L NT°) = 0. Indeed, by 1.1.5.A, v/ is a o-finite measure of
class NP. There exist Borel sets By, T dD such that v/(B,,) < co. Put
Ly, = BN L. We have v/ (L, \ Kynp,) < 1/n for some compact subsets Ky,
of Ly,. Denote by 1y, the restriction of v/ to K. By 2.2.4.B, nmn € NP
and, since 7y, (D) < 00, Nmn € NP by 2.2.4.A. Hence K, € K. The
pair (Kpn, mn) satisfies the condition (2.17). It remains to note that, if
Nmn (L NT€) =0 for all m,n, then /(L NI°) = 0.

3°. First, we prove that (2.17) implies
(2.18) neNE, nA)=0, wu,<u

Suppose that (2.17) holds. The definition of K implies that n € NP.
By Lemma 2.1, n € Nf. By (2.15), A ¢ AU (9FE \ L). Hence n(A) =0
because n(A’) < v/(A’) = 0 and 7 is concentrated on K C L. It remains to

check that u, < u. We have 4, <, < up @, and therefore, by 1.1.5.B,
Uy < u'. Since uy,(x) < hy(z), we have

lim u,(z) =0 < wu(z) foryedb\ K.
T—y

By Lemma 2.2,
lim sup|u, (x) — u(z)] = lim sup[u, (z) — v'(x)] <0 fory € L
T—Yy T—Yy
By the Comparison principle 2.2.2.B, this implies u,, < u in E.
4°. By 1.(1.7), it follows from (2.18) that < v and therefore n(LNI*) <
v(LNT¢) <v(@E\T) =0. O

2.2. Proof of Theorem 1.2. We need to prove that, if Tr(u) = (A, v)
and if v(I'“) = 0 where A C ' C OF, then u < wr.

The main step is to show that
(2.19) lim sup[u(z) — 2wr(z)] <0 forall y € OF.

r—y

Fix y and consider a domain D € € such that D C FE and 0D N OFE
contains a neighborhood of y in dF. We use the notation introduced in
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Lemma 2.3. Clearly, y € L. By the definition of €, 2.3.A and 2.2.5.B,
(2.20) u < Wy Dy =m(Wpr + Uy ) < Wpr + Uy < 20y

Note that A’ = ANL c TNL C (I'NL)UA where A is the closure of 9DNE.
By 3.3.5.C, this implies

wpr < Wrnp + WA
and, by (2.20),
(2.21) u' < 2Wpng + 2w 4.
Since Rp C Rg, 4.(3.19) implies that, for every Borel subset B of L,
(2.22) wp =N, {RpNB#0} <N {RpNB#0}=wp onD.
Thus wrnr < wrar < wr and (2.21) implies v’ < 2wp + 2w 4. Hence,

lim sup [u(z) — 2wr(z)] = limsup [v/(z) — 2wr(z)] < limsup Wa(z).
r—y,cel r—y,x€D r—y,x€D

By 2.2.5.A, this implies (2.19). It follows from the Comparison principle,
that v < 2wr in E. Therefore Z,, < 2Zt where Zr = SBV(wr). By 3.3.5.A,
9Zr = Zp and, by 3.(3.4), u = LPT(Z,) < LPT(Zr) = wr. O

3. Star domains

3.1. In this section we prove Theorem 1.3. Without any loss of gener-
ality we can assume that F is a star domain relative to ¢ = 0.
We use the self-similarity of the equation

(3.1) Au=u” in E.
Let 0 <r<1. Put E, =rE, 3=2/(a—1) and
(3.2) folx) =rPf(rz) forxz e E, f € B(E).
If w € U(F), then u, also belongs to U(E). Moreover, for r < 1, u, is

continuous on E and u, — u uniformly on each D € Fasr T 1. If f is
continuous, then, for every constant k& > 0,

(3.3) Ve(kf)(x) = PV, (kf)(rz) forall z € E.

This is trivial for » = 1. For » < 1 this follows from 2.2.2.A because both
parts of (3.3) are solutions of the equation (3.1) with the same boundary
condition v = kf, on OF.

3.2. Preparations.

LeEMMA 3.1. Every sequence u, € U(E) contains a subsequence up,
which converges uniformly on each set D @ E to an element of U(E).
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PrOOF. We use a gradient estimate for a solution of the Poisson equa-
tion Au = f in D (see [GT98], Theorem 3.9)

(3.4) Sl}_l)p(p\Vu\) < C(D)(s%p |ul + Sl}_l)p(p2\f\))-
Suppose D € E. By 2.2.2.E, there exists a constant b such that allu € U(E)
do not exceed b in D. By (3.4),
sup(p|Vu|) < C(D)(b+ diam(D)?b) = C'(D).
D
If D € D, then there exists a constant a > 0 such that |z — y| > a for

all z € D,y € dD. Therefore, for all z € D, p(z) = d(x,0D) > a and
|Vu|(z) < C'(D)/a. The statement of the lemma follows from Arzela’s

theorem (see, e.g., [Ru87], Theorem 11.28). O
LEMMA 3.2. Put

(3.5) Y, = exp(—Zy,)-

For every v > 1,

(3.6) PlY,-Yi|"—=0 asr]Ll
PROOF. 1°. First we prove that

(3.7) lim (¥, = Y)* = 0

for every positive integer k. If (3.7) does not hold, then

(3.8) lim Py(Y;F —Y{)? >0

for some sequence 7, T 1.
Note that

(3.9) Py(YF —YF)? =FE + F - 2G,

where F, = Ry)Y?* G, = Py(Y,Y1)*. By 3.(2.6) and (3.3),

(3.10)

F, = Pyexp|—2k(u,, Xg)] = exp[—Vg(2ku,)(0)] = exp[—r" Vg, (2ku)(0)]
= {exp[~V, (2ku) (0)]}" = { Py exp(—2k(u, X5,))}" .

Since (u, Xg, ) — Zy, Po-a.s., we have

(3.11) E, — F.
By (3.10) and (3.11),
(3.12) Pye 26uXen,) Py
Put
(3.13) v (z) = —log Po(Y,Y1)* = —log P, exp[—k(Zy, + Zu)].

By 3.3.4.A, k(Z,, + Z,) € 3 and
(3.14) vp < k(up +u) in E.
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By Theorem 3.3.3, v, € U(F). By Lemma 3.1, we can choose a subsequence
of the sequence v, that converges uniformly on each D € E to an element
v of U(FE). By changing the notation we can assume that this subsequence
coincides with the sequence v, . By 3.(3.4), Pre %" = e~*®) and therefore

(3.15) G, = e U0 70 0) = ple=Zv,

By passing to the limit in (3.14), we get that v < 2ku. Therefore Z, < 2kZ,
and

(3.16) Pye= %0 > Pye~2k%u = lim Pye=2MwXep, )

It follows from (3.15), (3.16) and (3.12), that lim G,,, > F}. Because of (3.9)
and (3.11), this contradicts (3.8).

2°. If v < m, then (Py|Z|")Y/7 < (Py|Z|™)'/™. Therefore it is sufficient
to prove (3.6) for even integers v = m > 1. Since 0 < Y; < 1, the Schwarz
inequality and (3.7) imply

POD/TkYIW—k _ Ylm‘ < (POYIZ(m_k))1/2[PO(K=k _ Ylk‘)Q]l/Q 0 asr T 1.

Therefore

m m - .
AIY, = 1" = A = v = Y () o
ke

0
S m m— m
= (k)(_u Py = 0.
k=0
O

LEMMA 3.3. For every v € NE, for every 1 < v < a and for all x € E,
(3.17) P,Z) <1+ cihy(2)? + c2Gp(he)(x)
where ¢ = ey /(2 —7) and e = ev/(a — 7).

PROOF. For every probability measure P and for every positive Z

Z

PZY =P / AATLax
(3.18) o o
= / P{Z > N ldr <1+ / P{Z > A}y\7ldA.

0 1
Function

EN=er—14X A>0

is positive, monotone increasing and £(1) = 1/e. For each A > 0, by Cheby-
shev’s inequality,

(3.19) P{Z > X} =P{Z/)N> 1} =P{E(Z/N) > 1/e} < eq(1/)N)
where ¢(A\) = PE(AZ). By (3.18) and (3.19),

1
(3.20) PZ7 <1+ e/ AATT L g(N)dA.
0
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We apply (3.20) to P = P, and to Z = Z,,. By 3.(3.13) and 3.3.6.B,
(3.21) q(\) = Pre ™% —14+ AP, Z,
= e (®) 1 4 Ny (2) = E(uny) + My — uny.
Since £(A) < 322, we have

(3.22) E(ur)(x) < gure(e)” < TN h(x)?

By 3.3.6.B,

(3.23) Ay, —uy, = Ge(usl,) < X*Gge(hy)).

Formula (3.17) follows from (3.20), (3.21) (3.22) and (3.23). O
LEMMA 3.4. Let By, be a sequence of Borel subsets of OE. If wg,(0) >

v > 0 then there exist v, € P(By) NN such that hy, (0) and Gg(hS,)(0)
are bounded. For every 1 < v < «, PyZ,), are bounded and, consequently,
Z,,, are uniformly Py-integrable. The sequence Z,, contains a subsequence
convergent weakly in L'(Py). Its limit Z has the properties: PyZ > 0 and
uz(z) = —log Pre™Z is a moderate solution of the equation Au = u® in
E. There exists a sequence Zj, which converges to Z Pyp-a.s. for all x € E.
Moreover each Zy, is a convex combination of a finite numbers of Zy, .

PRrROOF. It follows from the bound 8.(1.7) that
(3.24) wp(z) < C(x) Cap,(B)Y/ (@1

where C(z) does not depend on B. If wg, (0) > =, then for all n, Capy(B,,) >
§ = [y/C(0)]*"L. By 2.(4.1), there exists a compact K, C B, such that
Cap,(K,) > /2, and, by 6.(1.3), Gg(hg, )(0) < 3/6 for some v, € P(Ky).
It follows from 2.2.3.E that v, € NF.

We claim that there exists a constant ¢ such that

(3.25) h(0) < c[Gr(h®)(0)]V/*

for every positive harmonic function h. Indeed, if the distance of 0 from 9F
is equal to 2e, then, by the mean value property of harmonic functions,

(3.26) h0) = 7! /B h(y) dy < (crea)™" /B 950, )1 (y) dy

where B, = {z : |z| < €}, ¢1 is the volume of B, and ¢z = ming(0,y) over
B.. By Holder’s inequality,

(3.27) /B 950, )h(y) dy < | / 90, )h(y)* dy]| / 9(0, ) dy]/’

Be Be

where o = a/(a — 1). Formula (3.25) follows from (3.26) and (3.27).
By (3.25),
hu, (0) < eGr(hg, ) (0)]V* < e(3/6)V/®
and (3.17) implies that, for every 1 < v < a, the sequence PyZ,, is bounded.
This is sufficient for the uniform integrability of Z,,, (see, e. g., [Me66], p.19).
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By the Dunford-Pettis criterion (see, e. g., [Me66], p. 20), Z,, contains
a subsequence that converges weakly in L!(P,). By changing notation, we
can assume that this subsequence coincide with Z,,. The limit Z satisfies
the condition PyZ > 0 because PyZ,, — PyZ and, by 3.3.6.B,

PoZ,, = / ks (0, y)un(dy) > inf k(0,y) > 0.
OF oF

There exists a sequence Z,,, which converges to Z in L' (Py) norm such that
each Z,, is a convex combination of a finite number of Zy, . (See, e. g.,
[Ru73], Theorem 3.13.) A subsequence Zy, of Z, converges to Z Py-a.s. By
Theorem 5.3.2, this implies that Zk converges to Z P-a.s. for all x € E.
By 3.3.4.B and 3.3.4.C, uyz is a moderate solution. O

3.3. Star domains belong to the class &. By Proposition 1.1, to
prove Theorem 1.1 it is sufficient to demonstrate that every star domain F
satisfies the condition 1.A.

We introduce a function

A TE
(3.28) Q) = M exp(= [ (e ).
Consider, for every ¢ > 0 and every 0 < r < 1, a partition of JF into two
sets
(329) A, .={ycdFE:Q;(y) <e} and B,. ={y€IE:Q,(y) > ¢}

and denote by I,. and J,. the indicator functions of A, . and B, .. Let us
investigate the behavior, as r T 1, of functions

(3.30) fre =Ve(urle) and g = Vi(urJye).

We assume, as in 1.A, that

(3.31) Tr(u) = (A,v),ACT C OE and v is concentrated on I'
and we prove:

LEMMA 3.5. Put

se(x) = listlup gre(x).
T

For every e > 0,
(3.32) se < wr.
LEMMA 3.6. Fiz a relatively open subset O of OF which contains I' and
put
Cre=A4,:N(OE\O), qle)= limTilnf we,. (0).
T
We have

(3.33) limg(e) = 0.
€l0
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The property 1.A easily follows from these two lemmas. Indeed, f, . and
gre belong to U(E) by 2.2.1.E. By 3.3.5.C, wa,. < wo + wc,,. because
A COUC, . It follows from Lemma 3.6 that

liminfliminfwg,, . < wo(x).
e=0 il ’

Since this is true for all O D T,

(3.34) lim inflim inf w4, , < wr(z)

e—=0 7]l

by 3.3.5.B.
Since u € U(F) and E, € E, we have Vg, (u) = v in E, and, by (3.2)
and (3.3),

(3.35) Ve(u,) =u, in E,.
By (3.35) and 2.2.1.D,
(3.36) ur =Ve(uy) < fre+gre in E,.

Since (u,14,.,Xg) =0 on {Xg(A,.) = 0}, we have
fr,e < —log Pac{XE(AﬁE) = 0}
and, since X is supported, P,-a.s., by Rg, we get

(3.37) frﬁ < —log Px{RE N Ar,e = @} =wa,,-
We conclude from (3.36), (3.32), (3.34) and (3.37) that
(3.38) u(z) < lim iglflimTilnfwAm + wr(z) < 2wr(z).
e— r

By 3.3.5.A, Zr = SBV(wr) takes only values 0 and oo, and we have Z,, <
2/1 = Zr. which implies that v < wr.
It remains to prove Lemma 3.5 and Lemma 3.6.

3.4. Proof of Lemma 3.5. Let us consider harmonic functions h, .
= Kg(uyJre). By Jensen’s inequality, Pye~(FXp) > = P{F.XE) for every
F > 0. By applying this to F' = u,J, ., we get

(3.39) Gre < hpe.
First, we prove that
(3.40) e (0) < u(0)/=.
By applying 3.1.1.B to v = u, and a(u) = u®~! we get
(3.41) ur(y) = Ty (&)Y
where

E
Y =exp [—/ ur(ﬁs)a_lds] )
0
By (3.41) and Lemma 3.1.1,

up(0) = oty (6,116 Y = Kp(1,Q,)(0).
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Since eJ, . < Q,, we have
ehye(0) = Kp(eu,Jr2)(0) < Kp(u,Q,)(0) = u,(0)

and (3.40) follows because u,(0) = ru(0) < u(0).
To prove that (3.32) holds at € E, we choose a sequence r, 1 1 such
that

(3.42) Grp (X)) — s2(x).

The bound (3.40) and well known properties of harmonic functions (see, e.
g., [D], 6.1.5.B and 6.1.5.C) imply that a subsequence of h,, . tends to an
element h. of H(E). By Lemma 3.1, this subsequence can be chosen in such
a way that ¢, . — g. € U(E). The bounds g,. < h,. imply that g. < h..
Hence g. is a moderate solution and it is equal to wu, for some p € NlE .
By the definition of the fine trace, v(B) > p/(B) for all i/ € N¥ such that
W(A) = 0 and uy < u. The restriction p/ of p to O = OE \ T satisfies
these conditions. Indeed, i/ € N¥ by 2.2.3.A; i/(A) = 0 because A C T}
finally, u,y < u, = g- < u because g, < Vg(u,) = u, by 2.2.1.B and
(3.35). We conclude that p/(O) < v(O) and p/ = 0 since v(O) = 0. Hence
p is supported by I' and, by 2.2.5.B, g.(z) = uu(z) < wr(z). By (3.42),
Se(x) = ge(z) which implies (3.32). O

3.5. Proof of Lemma 3.6. 1°. Clearly, ¢q(g) < ¢(¢) for e < £. We
need to show that ¢(0+) = 0. Suppose that this is not true and put v =
q(0+)/2. Consider a sequence &, | 0. Since q(e,) > 27, there exists r, >
1 —1/n such that wc,, . (0) > . We apply Lemma 3.4 to the sets B, =
Crpen- A sequence 7, defined in this lemma contains a weakly convergent
subsequence. We redefine r,, and ¢,, to make this subsequence identical with
the sequence 7, .

2°. The next step is to prove that, if Z,, — Z weakly in L'(F), then
the condition (3.31) implies

(3.43) P, Ze %u =0

for all z € E. By Theorem 5.3.2, since Z and Z, are F-p_-measurable, it
is sufficient to prove (3.43) for z = 0.
We apply Theorem 7.4.1 to v, and u,, = u,,. By 7.(4.1),

PyZ, e Zum = e_“"(O)Hgne_q>(“")
3.44 .
( ) < Hgne—<1>(un) _/ kE(O, y)ng“D(“")Vn(dy)
OF
where ® is defined by 7.(4.3). Since ¢'(u) = au®"t > u*~!, we have
e ) < Qr,(y)

where @, is defined by (3.28). Since v, € P(B,,) and since Q,, < &, on By,
the right side in (3.44) does not exceed

. / k(0 5)vn(dy) = £nhu, (0).
oF
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By Lemma 3.4, the sequence h,, (0) is bounded and therefore
(3.45) PyZ,, e %m —0 asn — oo.
Let 1 < v < a. By Hélder’s inequality,
|PoZy, (7 — e 20)| < (P2 )0 [Pole™Zum — e 2u /)

where v/ = v/(y — 1) > 1. By Lemma 3.4, the first factor is bounded. By
Lemma 3.2, the second factor tends to 0. Hence

(3.46) PyZ,, e % — PyZ, e % — 0.
Since Z,, — Z weakly in L'(P),
(3.47) PyZ,, e %" — PyZe Zu.

(3.43) follows from (3.45), (3.46) and (3.47).
3°. We deduce from (3.43) that

(3.48) P{Z=0}=1

which contradicts the relation P,Z > 0 which is the part of Lemma 3.4.
The contradiction proves that Lemma 3.6 is true.

Let A, T, v be defined by (3.31) and let O be the set introduced in Lemma
3.6. We have

(3.49) AcT coO.

By Lemma 3.4, uz(x) = —log P,e~% is a moderate solution and therefore
uz = uy, for some p € NF. The statement (3.48) will be proved if we show
that u = 0.

It follows from (3.43) that Z = 0 P,-a.s. on {Z, < oo}. Therefore
P{Z, < Z,) =1and

(3.50) uy < u.

Note that v, is supported by B, C K = 90F \ O. By 2.2.5.B, u,,, =0 on O
and, by 1.(1.5), u,,, < wg. Therefore

By Lemma 3.4, there exists a sequence of Zk such that Zk — 7 P,-a.s. for
all x € E and each 2k is a convex combination of a finite number of Z,, .
Therefore, Pp-a.s., Z, = Z < Zg and v, < wg. By 2.2.5.A, wxg =0 on O.
Hence u, = 0 on O and, by 2.2.3.D, u(O) = 0. By (3.49)

(3.51) p(A) = 0.

By the definition of the trace (see 1.(1.7)), (3.51) and (3.50) imply that
# < v. By the condition (3.31), »(OE \T') = 0. Thus u(0E\T) = 0 and
n(OF) < p(O) + p(0E\T) = 0. O
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4. Notes

The material presented in this chapter was published first in [Dy04d].
The contents is close to the contents of Chapter 4 in [Ms04]. The most
essential change needed to cover the case a # 2 can be seen in our Lemmas
3.2, 3.3 and 3.4.






APPENDIX A

An elementary property of the Brownian motion

J.-F. Le Gall

We consider the Brownian motion (&, II;) in R? and we give an upper
bound for the maximal deviation of the path from the starting point x before
the exit from a bounded domain E of class C?.

LEMMA 0.1. For every xz € E,
(0.1) I {sup [& — x| >r} < Cp/r
t<tg

where p = d(x,0F).

PrOOF. 1°. Clearly, (0.1) holds (with C' = 8) for » < 8p and for r >
diam(F). Therefore we can assume that 8p < r < diam(F). Without any
loss of generality we can assume that diam(E) = 2.

2°. There exists a constant a > 0 such that every point z € OF can be
touched from outside by a ball B of radius a. We consider a z such that
|z — z| = p and we place the origin at the center of B. Note that |z| = a+p.
Put

oo, = inf{t : |&] < a}, " =inf{t:|§& — x| > r}.
We have

{s<up & —x| >r}Cc{r" <7} {7 <o,} Il;-as.
t<tp

and therefore we get (0.1) if we prove that
(0.2) IL{r" <o} < Cp/r.

3°. Let § > 0 be such that 166(2+ a)? < 1 (note that § depends only on
a). Let T" be the cone

P={yeR:z-y>(1-06r%)z[ly[},
where z - y stands for the usual scalar product. Introduce the stopping time
U=inf{t>0:¢ > a—l—g},
V=inf{t >0:& ¢TI}
We first claim that
(0.3) {t" < 0.} C{UAV < 0,}.

103
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To prove (0.3), it is enough to verify that
I (B(0,a+ g)\B(O, a)) C B(,r)

(B(y,r) = By(y) is the open ball with radius r centered at y). However, if
y belongs to the set I'N (B(0,a + £)\B(0,a)), then

o=yl = Jof? + [y~ 2y < [2f? + lyl? — 20— 50 z]ly
2
T
= (lyl = [2])? + 260 aly] < = +20r%(a +1)? < o

from our choice of §. This gives our claim (0.3).

The lemma will then follow from (0.3) if we can get suitable bounds on
both II,{U < o0,} and II,{V < o,}. First, from the formula for the scale
function of the radial part of Brownian motion in R,

a2~ _ (g + )2~
AU < 04} = a2—d _ ga n g;Q—d < gv
with a constant C’ depending only on a.

To bound I, {V < 0,}, consider the spherical domain Q = I'NS? (where
5% is as usual the unit sphere in R?). Denote by X the first eigenvalue of the
operator —%Asph in Q with Dirichlet boundary conditions (here Agpy is the
spherical Laplacian), and let ¢ be the corresponding eigenfunction, which is
strictly positive on ). Note that

c
(0.4) Ao
with a constant ¢ depending only on the dimension d, and that ¢ attains its
maximum at z/|z| (by symmetry reasons).

Let v = £—1. From the expression of the Laplacian in polar coordinates,

2
it is immediately seen that the function

‘—y—\/VQ—I——QA ¢(i)
[l

is harmonic in I'. Since u vanishes on 01, the optional stopping theorem for

the martingale u(§;) (at the stopping time o, A V') implies

u(y) = ly

| VPR (L) = u(a)

|z]

= Mz {u(&o,) 1{0’a<V}} <IL{oa <V}ia™" viraA sup ¢(z).
z€Q

Recalling that ¢ attains its maximum at z/|z|, we obtain
a )V—i—\/ V242
a+p

9

{0, <V} > (

and thus

a ) v+HVr2 420

Hx{V<Ja}§1—< n
a+p
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From this inequality and the bound (0.4), we easily derive the existence of
a constant C”" depending only on a such that
AV < 0.} < C"(2).
r
This completes the proof of the lemma. O






APPENDIX B

Relations between Poisson and Bessel capacities

I. E. Verbitsky

We show that the Poisson capacities Cap(I") introduced in Chapter 6

are equivalent to [Caphp(F)]plTl, where | = %, p = o and Cap;, are the
Bessel capacities (used in [MVO03], [MV04]). It is easy to show that, if
1<d< g—ﬂ, then, for every nonempty set I' on the boundary of a bounded
smooth domain, both Cap(I') and Cap, ,(I') are bounded from above and
from below by strictly positive constants. Therefore it suffices to consider

only the supercritical case d > g—ﬂ

By using the straightening of the boundary described in the Introduc-
tion, one can reduce the case of the Poisson capacity Cap on the boundary

E of a bounded C?*-domain F in R? to the capacity Cap on the boundary
Eo={x = (x1,...,24): xq = 0} of the half-space E, = R9"! x (0, 00) (see
Section 6.3). We will use the notation 6.(3.1)-6.(3.2):

E={z=(z1,...,2q): 0 <24 <1},
r(z) = d(z, Eo) = xq,
k(z,y) =r(@)le -y~ z€E, ye B,
m(dz) =r(zx)dx, z€E.

For v € M(Ey), we set

05  (Kv)(@) = /E Mo yv(dy),  Ew) = /E (Rv)® din.

The capacity 6;1?) on FEj associated with (l%, m) is given by any one of the
equivalent definitions 6.(1.3), 6.(1.4), 6.(1.5). According to the second def-
inition (which will be the most useful for us),

(0.6) Cap(T) = [sup {v(I) : v € M(I), E(v) < 1}*
The Bessel capacity on Ey can be defined in terms of the Bessel kernel *

1 X _a41  xz2 + dt
G — t _—_E—7 € Foy.
() (47T)l/2f(l/2)/0 e g TeRo

ISee, for instance, [AH96] or [Ma85].
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For every I > 0,p> 1 and I' C Ey,

(0.7) Cap,(I') =inf { [ [f(2)]Pdx: f € B(Ey), Gif>1 onT}

Eo

where

Gl (e) = Gix f() = | Gilw— 1) (1) d.

Eo
We need the asymptotics ([AH96], Section 1.2.5) 2

(0.8) Gi(z) < \x\l_d‘H, as |z] -0, 0<l<d-—1,
(0.9) Gi(z) < ‘ ‘ as x| =0, l=d-1,
(0.10) Gi(z) =<1, aslz|—0, I>d—1,
(0.11) Gi(z) = |z|=D el ag 2] — 00, 1> 0.

THEOREM 0.1. Suppose that o« > 1 and d > g—ﬂ Then there exist

strictly positive constants C1 and Cy such that, for all I' C Ey,
(0.12) C1[Capz ,(IN]*~! < Cap(T) < Gy [Capz , (I)]*.

To prove Theorem 0.1, we need a dual definition of the Bessel capacity
Cap, ,,- For v € M(Ejp), the (I, p)-energy & ,(v) is defined by

(0.13) E1,(v) = / (G da.
Eo
Then Capy ,(I') can be defined equivalently ([AH96, Section 2.2], [Ma85]) by
(0.14) Cap, ,(T') = [sup {v(') : v € M(T), & p(v) <1}
For [ > 0, p > 1, define the (I, p)-Poisson energy of v € M(Ep) b
(0.15) £ (v) = / (Ru(2)] r(2)" " da.
E

LEMMA 0.2. Letp > 1 and 0 <l < d— 1. Then there exist strictly

positive constants Cy and Cy which depend only on l, p, and d such that, for
all v € M(Ey),

(0.16) CyE1p(v) < E,(v) < Co&p(v).
PRrROOF. We first prove the upper estimate in (0.16).

PROPOSITION 0.1. Let o > 1. Suppose ¢ : (0,00) — (0,00) is a mea-
surable function such that

(0.17) o(y) < c /0 % >0

2We write F(z) < G(z) as ¢ — a if ggg — c as * — a where c is a strictly positive

constant.
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Then,

(0.18) [ﬁaﬁv%3cwﬂ([¢@%§a,y>u

ProoOF. We estimate:

a—1
Y (s ds R ds
[ow | w50 Teet ot
fo Ok 5 0 5
Since s < y in the preceding inequality, one can put foy o(t) @ in place of
Jo () S on the left-hand side, which gives (0.18). O
Let z = (2/,y) where 2’ = (x1,...,24-1), and y = x4 = r(z). We now

set ¢(y) = o IN(V(:B’, y). Tt follows from (0.5) and the expression for k(z,y)
that, if & <s <y, then

o(y) < co(s)
where ¢ depends only on d. Hence, ¢ satisfies (0.17). Applying Proposition
0.1 with o = p/, we have

1 1 v
= / / d / it d
[ Eo 2 e o ([ Rute g )
0 Y 0 Y

Integrating both sides of the preceding inequality over Ej, we obtain

Ep(v) = Amwn r(@)”dx

1 P’
/ ~ d
< P _1/ (/ Kv(z',y) _y) dz’.
Ey 0 Yy

By Fubini’s theorem,

1
/KV:): Y) y— / / - dyv(dt).
0 Eo (x! —t)2 —i—y]

For |2’ —t| > 1, we will use the estimate

1 yl C
(0.19) /0 S

For |2/ —t] < 1,

1 l
Y C
dy < 777
A[@“%V+ﬁﬁ o~ t#
in the case 0 < [ < d — 1; the left-hand side of the preceding inequality is
bounded by C' log ﬁ ifl=d—1, and by C' if ] > d —1, where C' depends
only on [ and d. Using asymptotics (0.8)—(0.10), we rewrite the preceding
estimates in the form

1 y ) o
(0.20) /O[(x/_t) ey _dy < CGyla' —t)), |2 —t < 1.
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Thus, by (0.19) and (0.20),

/

fui<c [ ( /lx/_tldGl(\x’—t\)u(dt)) da’

/

p
dt
+C / V/( )d dr’.
By \J|or—t|>1 [7" — 1]

The first term on the right is obviously bounded by & ,(v). To estimate the
second term, we notice that

) dr v(B(',r))
(0.21) /|x o \:1: — t\d <C / < C sup .

r r>1 ?”d_l

We will need the Hardy-Littlewod maximal function on Ey = R4~1:

1
M(f)(x) = sup —— / FO)]dt, « e By,
r>0 T B(z,r)

which is a bounded operator on LP(Ej) for 1 < p < co. 3
Hence,

1
MGl Lo () < CNGWI Lo () = C E1p(W) 7,
where C' depends only on p. It is easy to see that
B /
M(G)(2") > C sup W, z' € Ej.
r>1 r

Thus, by the preceding estimates and (0.21), it follows

/

p
v(dt)
/EO </|gj/—t|21 ‘flfl —t‘d> d CH (GZV)HL (E Cglvp(y)v

where C' depends only on [, p, and d. This completes the proof of the upper
estimate in (0.16).

To prove the lower estimate, notice that, for every 0 < r < 1,
1 ~ ’ ’ 1 I+1 p/
[ Rvw gy = [ ] yord | dy
0 Y [V —tl<r (J2' — )2+ y?)2 Y
1
/ / d /
> C [v(B(a',))] / Y00 Zs 0 [y (B! )
z Y
2
provided 0 < ! < d — 1. This implies

1
i / /d /
/ [Ky(x/’y)]p ylp ?y > CM[(V)(Q?/)p ) .CI?/ € EOa
0

where

M(v)(2") = sup =L y(B(,r)), 2’ € Ey.
0<r<1

3See, e. g., [AH96], Theorem 1.1.1.
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Consequently,

(0.22) Eip(v) 2 ClIMW)II,, 4

By a theorem of Muckenhoupt and Wheeden [MW74] (or, more precisely,
its inhomogeneous version [AH96], Theorem 3.6.2),

023) MO, ) 2 ClGIE, g, = CEnl0).
Thus,
Euv) = CIBW)IL, 0 > CEL)
which gives the lower estimate in (0.16). The proof of Lemma 0.2 is com-
plete. O

We now complete the proof of Theorem 0.1. The condition d > g—ﬂ

implies that 0 < [ < % <d-1forl= % and p = /. By Lemma 0.2,
C1€2 ,(v) <EW) < Créz (V)

where £(v) is defined by (0.5), and C; and Cy are strictly positive constants
which depend only on « and d. By combining the preceding inequality with
definitions (0.6), (0.14), we complete the proof. O

Notes

Lemma 0.2 holds for all [ > 0. The restriction 0 < [ < d — 1 was used
only in the proof of the lower estimate (0.16). The case | > d — 1 can be
treated in a slightly different way using, for instance, estimates of the energy
in terms of nonlinear potentials from [COV04].

Lemma 0.2 may be also deduced from the following two facts. First, if
||v|| g—1» denotes the norm of a distribution v € S(Ep) in the (inhomoge-

neous) Besov space B~#" = [B""]* on Ey (I > 0, p > 1), then
1Vl = €1 (V) = /]E K xv(z)P'r(z)? ! da,

where K * v is a harmonic extension of v to E,. Such characterizations
of BYP spaces have been known to experts for a long time, but complete
proofs in the case of negative [ are not so easy to find in the literature. We
refer to [BHQT79] where analogous results were obtained for homogeneous
Besov spaces BLp (Il € R, p>0). In the proof above, we used instead direct
estimates of g’lm(v) for nonnegative v.

Secondly, for nonnegative v,

VI = AT, = Epv),

where W=bP" = [W'P]* is the dual Sobolev space on Ey. This fact, first
observed by D. Adams, is a consequence of Wolff’s inequality which appeared
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in [HW83]. (See [AH96], Sections 4.5 and 4.9 for a thorough discussion of
these estimates, their history and applications).

Thus, an alternative proof of Lemma 0.2 can be based on Wolff’s inequal-
ity, which in its turn may be deduced from the Muckhenhoupt—Wheeden
fractional maximal theorem used above. We note that the original proof of
Wolff’s inequality given in [HW83] has been generalized to arbitrary radi-
ally decreasing kernels [COV04], and has applications to semilinear elliptic
equations [KV99].
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